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Abstract 
Water usually condenses on the air-side surfaces of evaporators in air-conditioning and refrigeration 
applications. The accumulating condensate on a heat exchanger significantly affects its thermal and hydraulic 
performance. The goal of this research is to develop a model suitable for predicting the mass of condensate 
retained as drops on a heat exchanger at steady-state conditions. In order to achieve this goal, a thorough 
understanding of the three-dimensional shapes of drops on inclined surfaces is needed—drop shape is 
important to accurate volume predictions. Analysis, experiments, and computations are used to answer 
unresolved questions vital to predicting drop shapes for general conditions. 
A geometric method is developed to approximate the shape of a drop by fitting two circles to the 
profile taken at any azimuthal angle. The method provides an excellent tool for predicting drop volumes and 
for investigating variables that affect drop shapes. Experiments are used to validate the two-circle 
approximation. The contact line at the base of a drop is characterized as an ellipse, with the aspect ratio 
increasing slightly as the Bond number increases. Contact angle variations within drops are determined 
experimentally, and then defined in terms of the maximum and minimum angles of a drop, which are 
obtained for general conditions. The results show the maximum contact angle in a drop to be approximately 
equal to the advancing angle of the liquid-surface combination at all conditions. The minimum angle is found 
to decrease as the drop diameter or surface-inclination angle increases. A general relation is observed 
between the minimum angle of a drop and the Bond number, applicable for different liquids, surfaces, and 
conditions. An equation is derived relating the advancing contact angle to the receding contact angle and 
maximum Bond number for any liquid-surface combination. The findings, which are well-supported by data 
from the literature, help explain and verify some observations of earlier researchers. 
Size distribution functions of drops on inclined surfaces, taken from the literature, are modified to 
account for different geometric and surface conditions. These distribution functions along with the geometric 
model of drops and the contact angle results are used to develop a new model of condensate retention. The 
new model is successful in predicting the mass of condensate retained on coils tested by several other 
researchers. Preliminary analysis and experiments are presented as a step towards future extensions of the 
model. 
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Chapter 1.  Introduction 
1.1 Background 
In air-conditioning and refrigeration systems, evaporators usually operate below the dewpoint of 
conditioned air. Thus, under normal air-cooling and dehumidification conditions, water condenses on the air-side 
surface of the heat exchanger. Depending on the wettability of the surface, condensation takes place in one of three 
modes: dropwise, filmwise, or mixed. Forces such as surface tension, gravity, and aerodynamic drag affect the 
water; and some of these forces act to remove the water from the heat transfer surface, while others result in 
condensate retention. 
Retained condensate can have a significant impact on the overall performance of a heat exchanger. For 
most operating conditions, water restricts the flow of air, causing the air-side friction factor to increase. Depending 
on the geometry and operating conditions, condensate may enhance or degrade the heat transfer performance. 
Condensate can also affect occupant comfort in air-conditioning applications; it may cause unpleasant odors by 
providing a medium for biological activity, and it can be blown into the conditioned space. 
Only very limited and simplified models for predicting the amount of condensate retained on heat 
exchangers are currently available. In order to develop an accurate condensate retention model, a better 
understanding of the shapes of condensate elements is needed. In this work, a model is developed to predict the mass 
of condensate retained on heat exchangers. The three-dimensional shapes of drops are determined for various 
configurations and conditions. The results can be utilized in other applications such as the spraying of paint or the 
retention of pesticides on plant leaves. 
1.2 Literature Review 
1.2.1 Effect of Condensation on the Performance of Heat Exchangers 
Condensate retention on a heat exchanger significantly affects its performance, as summarized briefly in 
this section. Retained condensate generally causes the friction factor to increase. For example, Yin and Jacobi 
(2000) found the friction factor for a plain-fin coil under wet conditions to be 70% higher than that for a dry coil. 
The degradation in hydraulic performance is less pronounced at large fin spacings and high Reynolds numbers. 
Water drops are believed to roughen the heat exchanger surfaces and increase friction factors. Moreover, at smaller 
fin spacings or lower Re, more condensate bridging can occur, resulting in more blockage of the air flow path and 
higher friction. Condensation may increase or decrease heat transfer, depending on the heat exchanger geometry and 
operating conditions. For plain-fin coils, condensate decreases sensible heat transfer at low Re, but it increases heat 
transfer at high Re. Wang et al. (1997) reported such a behavior with the transition occurring at Re = 2000 based on 
tube diameter. Moreover, wet conditions enhance heat transfer at larger fin spacings and degrade it at smaller fs. Yin 
and Jacobi (2000) observed a 55% decrease in heat transfer under wet conditions for a plain-fin coil with a fin 
spacing of 1.3 mm. Based on the results of several researchers (McQuiston, 1978; Korte and Jacobi, 1997), it can be 
concluded that a transition in performance from enhancement to degradation occurs at a fin spacing of about 3 mm 
for aluminum fins. The roughness caused by droplets is thought to cause the heat transfer enhancement, while 
bridging at low Re and narrow fin spacings is responsible for the degradation. 
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The effect of condensation on interrupted-fin geometries is sometimes markedly different from that on 
plain fins. For example, for louvered-fin coils at high Re and large fin spacings, the wet sensible heat transfer is not 
enhanced with respect to the dry performance. This behavior is attributed to condensate blocking the inter-louver 
gaps and eliminating the effects of the louvers. The data in the literature suggest that the quantity of retained 
condensate and its mode and location, play significant roles in characterizing the thermal and hydraulic performance 
of heat exchangers under wet conditions. Therefore, developing a model that can predict condensate retention on 
heat exchangers will provide a useful tool for designing heat exchangers for wet operation. 
1.2.2 Modeling Condensate Retention 
1.2.2.1 Annularly Finned-Tube Heat Exchangers 
Some researchers have attempted to model condensate retention on finned-tubes, in order to determine the 
condensation heat transfer coefficient for pure vapors. Beatty and Katz (1948) proposed a simple model to predict 
the heat transfer coefficient for filmwise condensation of pure vapors on low-finned tubes. The model assumed that 
gravity dominated condensate drainage, and it has been widely used because it agrees with some experimental data. 
Rudy and Webb (1985) suggested that condensate retention on integral-fin tubes was heavily influenced by surface 
tension, and the combined effects of induced drainage and retention caused by surface tension made the Beatty-Katz 
model seem successful, even though it did not properly reflect the physics. Rudy and Webb introduced a retention 
model that included surface tension, but neglected vapor shear. They developed an expression for the condensate 
flooding angle, which is representative of the fraction of area covered by condensate. Although their model was 
adopted by several researchers for predicting the condensation heat transfer coefficient of pure vapors, it cannot be 
generalized. The Rudy and Webb model is specific to annular geometry and filmwise condensation. 
Aside from work on pure-vapor condensation heat transfer, a finned-tube heat exchanger under conditions 
of air dehumidification has also been studied, (Jacobi and Goldschmidt, 1990). In their work, they considered a 
simple model of condensate retained as bridges on integral-fin tubes. The model helped explain their observations of 
condensate retention behavior, but it was also limited to annular geometry and filmwise condensation. 
1.2.2.2 Plain-Fin-and-Tube Heat Exchangers 
A simple model for predicting the amount of condensate retained on plain-fin heat exchangers with wide 
fin spacings was developed by Korte and Jacobi (1997 and 2001). The volume of retained condensate was obtained 
by integrating the number of drops of a given size, D, multiplied by the volume of a drop of that size, for all drops. 
dDdADVDnm
A D
DD ∫ ∫= )()(ρ  (1.1) 
where ρ is the liquid density, nD(D) is the number of drops of size D per unit area and per drop diameter, and V(D) 
is the volume of a drop with size D. The double integration is performed for all drop sizes, D, over the area of fins 
and tubes covered by drops, A. Equation (1.1) is written for given surface conditions under steady state. The size-
distribution function, nD(D), was fitted by a logarithmic function, based on the results of Graham (1969), 
73.26 )10(104.5 −= DnDs                        for 10 µm ≤ D ≤ 0.2Dmax (1.2a) 
and 
8.310 )10(117.1 −= DnDb                        for 0.2Dmax ≤ D ≤ Dmax (1.2b) 
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where nDs and nDb denote distributions for small and big drops, respectively. Because the model was developed for 
wide fin spacings, the drop distribution on a fin was assumed independent of drops on adjacent fins, and condensate 
bridging was neglected. The maximum drop diameter, Dmax, was needed to set the integration limits and the 
applicable portions of the size-distribution function, nD. The maximum diameter was determined from a balance of 
gravitational, surface tension, and air-flow forces on a drop, as shown in Figure 1.1.  
 
Figure 1.1 Force balance on a drop on an inclined surface. Fg, Fs, and Fd are the forces due to gravity, surface 
tension, and drag, respectively. 
The model of Korte and Jacobi (1997) showed reasonable success in predicting the amount of condensate 
retained on one heat exchanger with a fin spacing of 6.4 mm. However, the model was limited in its accuracy and 
applicability to this case. Korte and Jacobi made simplifications related to drop shapes, which affected their 
predictions of the volume function, V(D), and the maximum diameter. All drops were assumed to be spherical-caps 
with maximum and minimum angles equal to the advancing and receding angles of the surface, respectively. In 
calculating surface tension forces, the contact angles were assumed to vary linearly with the azimuthal angle. It is 
shown later in this research that such assumptions can result in significant errors, causing the Korte-Jacobi model to 
deviate from condensate-retention measurements. 
In 2000, Yin and Jacobi used this model and considered condensate bridges at fin-tube junctions. However, 
all junctions were assumed to have bridges of the same size and simple geometry. The model used by Yin and 
Jacobi showed some success at a fin spacing of 2.1 mm, but not at narrower fin spacings. A similar model was used 
by Kim and Jacobi (2000) for slit-fin-and-tube heat exchangers, but it was likewise limited in predictive accuracy. 
Condensate retention experiments reported by Korte and Jacobi (2001) for plain-fin coils showed the air-
flow rate to have only a small effect on the amount of retained condensate, even though the flow was in the direction 
of gravity. Yin and Jacobi (2000) reported even smaller effects when the flow was horizontal. Shin and Ha (2002) 
measured condensate retention on heat exchangers at various inclination angles and found that tilting a coil reduces 
retention. 
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The success of the drop retention model depends on the accuracy in determining the functions nD(D) and 
V(D). In the following two sections, earlier work on size-distribution functions and shapes of drops will be 
reviewed. 
1.2.3 Size Distribution of Drops 
The size-distribution function, nD, of drops condensing on a surface has been studied by several researchers 
interested in the condensation heat transfer coefficient. A drop on a surface grows by condensation and coalescence 
with other drops until it reaches a maximum size, where gravity overtakes retention forces and the drop slides. The 
cycle is repeated by the formation and growth of another drop until it slides. A sliding drop sweeps an area of the fin 
until it falls off the surface. Earlier studies found the characteristics of the sweeping cycle for an area of a surface to 
be the same as for other areas.  
Fatica and Katz (1949) studied the cycle between drop sweepings and measured the number of drops per 
unit surface-area as a function of time within that cycle. With a test section of 1 by 3 in. (2.5 by 7.6 cm), they found 
the average fin-area covered by drops per unit area, Acov, to be constant at 0.45. However, they did not include drops 
with diameters smaller than 100 µm in their measurements. Such small drops can significantly increase Acov when 
considered, as reported by Graham (1969). Also, the drop-distribution results of Fatica and Katz were not presented 
in a form that allowed generalizing them. 
Sugawara and Michiyoshi (1956) also considered the distribution of drops condensing on a solid surface. 
Their experiments showed that the time between two sweepings was shorter for the lower parts of the surface. In 
other words, the lower the location on the fin, the more often it was swept. Since drops slide from any location on a 
fin to its lower end, the lower portions have more probability of being swept than upper portions. On the other hand, 
Sugawara and Michiyoshi assumed all drops to be of the same size and shape and to grow together with time, 
indicating an increase in Acov during the sweeping cycle. This assumption limited the generality of their proposed 
drop-distribution model. 
An important development in the investigation of drop distributions was the proposal of a steady-state 
distribution. Although the process of drop adherence and sweeping is dynamic, different drops start and end their 
cycles at different times. It was found that the number of drops of a given size per unit area is independent of time, 
even though the locations of the drops may change. Graham (1969), and Graham and Griffith (1973), proposed a 
power-law relation similar to equation (1.2) to describe the distribution of drops, based on analysis of images of 
condensate on vertical surfaces. With a circular test surface having a diameter of 20 mm, the fraction of area covered 
by drops was found to be 0.82 and the maximum drop diameter was 2.5 mm. The transition in drop distribution from 
small to large drops occurred at a diameter of 0.2Dmax. Although Graham characterized the nature of the size-
distribution function, it was not clear how this function could be used for different conditions and fin geometries. 
Tanasawa and Ochiai (1973) tested drops condensing on a 40-mm-diameter vertical surface and obtained 
size-distributions from image analysis. They considered drops with diameters of up to 2.9 mm and found the fraction 
of area covered by drops to be 0.75. They also tested the surface at an inclination angle of 45° and reported no 
significant change in the way drops were distributed. The measured distributions of drops showed changes in slope 
at diameters in the range of 0.18Dmax to 0.26Dmax. The size-distribution functions obtained by Tanasawa and Ochiai 
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agreed in nature with the results of Graham and Griffith (1973), but they only applied to the tested conditions. The 
functions need to be generalized to allow predicting drop-distributions at other geometric and surface conditions. 
The existence of different distributions for small and large drops can be attributed to the mechanisms 
involved in drop growth. A small drop grows by condensation until it either coalesces with another or gets swept by 
a falling drop. Direct condensation dominates the growth of small drops. On the other hand, the growth of large 
drops is more influenced by coalescence. The increased rate of coalescence results in a decrease in the number of 
large drops. 
Tanaka presented measurements (1975a) and a model (1975b) for the transient distribution of drop sizes 
between sweepings. He tested drops on a vertical surface with a diameter of 40 mm. In the model, large drops were 
assumed to have a uniform size and grow together with time, whereas small drops followed a logarithmic function. 
Drops were considered large when their diameters exceeded a characteristic diameter, D40, where D40 was the 
diameter at which larger drops covered 40% of the surface-area. The total Acov calculated from Tanaka’s data was 
0.85, and the measured drops had a maximum diameter of 2 mm. The time-averaged drop-distribution developed by 
Tanaka agreed reasonably with other distributions for small drops, but showed greater deviation for large sizes, as 
shown in Figure 1.2. Tanaka further developed his dropwise condensation theory in 1979. 
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Figure 1.2 Size-distribution functions for drops condensing on plane surfaces, obtained by different researchers. 
A fractal model was proposed by Rose and Glicksman (1973) as another way of describing drop-size 
distributions. According to this model, drops exist in “generations”, each having a uniform size and spacing at any 
instant. The fraction of area available for any generation was assumed constant and independent of drop size. Also, 
the ratio of the maximum size of a generation to the corresponding size of its predecessor was taken constant. Their 
analysis led to the conclusion that the fraction of area covered by drops was around 0.55. The model of Rose and 
Glicksman showed reasonable agreement with earlier empirical models for small drops, as shown in Figure 1.2. 
However, since drops were represented by one function, it could not predict the change in distribution for larger 
drops. 
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Wu et al. (2001) introduced an attempt to generalize drop-size distributions. They adopted a fractal model, 
similar to Rose and Glicksman (1973), and presented it in a dimensionless form that can be written as 
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 (1.3) 
where D is the diameter of a drop and Dmax is the maximum diameter. Wu and co-workers compared their 
dimensionless relation to measurements from other researchers and reported good agreement. However, some data 
showed higher scatter (See Figure 1.2), since the relation neglected the change in distribution for large drops. 
Briscoe and Galvin (1991) studied the growth of drops during condensation on a horizontal surface. Their 
experiments demonstrated that the growth of drops by condensation is significantly different from growth by 
coalescence. However, this study was limited to small drops, with a maximum diameter of 0.5 mm. Drop-
distributions on inclined surfaces with larger drops are expected to be different, due to sweeping effects. Yamali and 
Merte (2002) considered the effect of sweeping on dropwise condensation and proposed a size-distribution for small 
drops that grow by condensation only. However, larger drops are more important for condensate retention modeling, 
as will be explained later. 
The studies reviewed above considered condensation of steam on metal plates in order to obtain the 
condensation heat transfer coefficient, an application where large drops do not play a significant role. Graham and 
Griffith (1973) reported that 90% of the heat is transferred through drops with diameters smaller than 100 µm. 
Therefore, these investigations paid more attention to small drops. On the other hand, larger drops contribute the 
majority of mass to the amount of condensate retained on a coil, as shown by Korte and Jacobi (1997), and are of 
great significance to this research. In addition, the effect of the size of the test-section on drop distribution was not 
adequately addressed. Sugawara and Michiyoshi (1956) showed that lower portions of the surface are swept more 
often, indicating a change in steady distribution, but other researchers tested only small surfaces with diameters not 
exceeding 40 mm. In a typical plain-fin heat exchanger, fins may be significantly longer.  
The work of Yin and Jacobi (2000) addressed some of such concerns by examining the condensation of 
drops on a vertical, rectangular, heat-exchanger fin. Size-distributions were measured from image analysis at 50, 
100, and 150 mm from the top of the surface. The maximum drop-diameter was 4.2 mm and the average Acov over 
the three measurements was 0.34. This value is significantly smaller than corresponding values of earlier 
researchers, since more sweeping is expected with longer fins. Yin and Jacobi fit distribution functions similar to 
Graham (1969) to their data, and confirmed that a change in distribution occurred for larger drops with diameters 
exceeding 0.2Dmax.  
The size-distribution functions reported by different researchers are compared in Figure 1.2. The 
distributions of small drops seem to have similar slopes, although the number of small drops measured by Yin and 
Jacobi (2000) is distinctly less than those of other researchers due to increased sweeping. On the other hand, the 
distributions of large drops are considerably different from each other. At a radius of 1.25 mm, the predicted values 
for nD differ by as much as a factor of 4. The size-distribution functions for large drops differ in both magnitude and 
slope. It should be noted that these distributions were measured for surfaces with different sizes and conditions. 
Drop distributions need to be generalized to apply for various conditions. 
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1.2.4 Drop Shapes 
There are two important functions that need to be determined accurately in order to develop a reliable 
condensate retention model, which are the size-distribution function, nD(D) and the volume function, V(D). Studies 
involving the first function were reviewed in the previous section. Determining the volume of a drop requires 
understanding its three-dimensional shape. Moreover, knowing the shapes of drops is important for finding the 
maximum drop diameter, which fits the function nD and sets the limit of the integration that calculates the mass of 
retained condensate. This section reviews relevant investigations of the shapes of drops on inclined surfaces. 
A liquid drop on a solid surface can be described by its boundaries: the solid-liquid interface at the base of 
the drop, and the vapor-liquid interface. For a plane solid surface, the solid-liquid interface is a closed plane-curve, 
which is referred to as the three-phase contact line at the base of the drop, or simply the contact line. It is also 
commonly called the drop contour. The vapor-liquid interface is a three-dimensional surface that takes the shape of 
a spherical cap for drops on horizontal planes. For inclined planes, however, the vapor-liquid interface can not be 
described by a simple shape. The tangent to the vapor-liquid interface at any point on the contact line forms an angle 
with the solid surface, called the contact angle. Contact angles are measured through the liquid. The contact angle 
for a liquid drop on a horizontal surface is the same for any point on the contour. If a drop forms on an inclined 
surface, gravitational forces cause its shape to change. In this case, the contact angles vary between a maximum and 
a minimum, commonly called the advancing and receding contact angles, respectively. The key variables for 
understanding the shape of a drop and estimating its volume are the base contour, the contact angles, and the side 
profiles that define the liquid surface. 
The shape of the vapor-liquid boundary of a drop can be determined from the Young-Laplace (capillarity) 
equation, which relates the pressure difference across the interface to surface tension and curvature. For a drop on an 
inclined plane, the pressure across the interface can be found from hydrostatic forces, and the resulting differential 
equation can be solved for the location of any point on the liquid surface. In 1967, Larkin used the finite-difference 
method to solve the capillarity equation using the contact angle as a boundary condition. The contact angle was 
assumed equal to the horizontal contact angle at a single point where the normal to the contour is perpendicular to 
gravity. The calculations resulted in the horizontal contact angle, θH, having an intermediate value between a 
minimum and a maximum. However, experiments show a different behavior of contact angles, as will be explained 
later. 
Brown et al. (1980) presented a finite-element solution to the Young-Laplace equation to find shapes of 
drops on planes with various inclinations. The contact line at the base of the drop was assumed to be fixed to the 
solid surface and to have a circular shape. The numerical computations showed the horizontal contact angle to be 
almost an average of the minimum and maximum angles of the drop. This work also predicted the variation of the 
contact angle along the base of the drop. The contact angle hysteresis for a drop increased with the surface 
inclination to as much as 145° at an inclination angle of 60°. These results are in contrast with observations by 
MacDougall and Ockrent (1942) who found advancing and receding contact angles to be independent of surface 
inclination. 
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Another numerical study by Milinazzo and Shinbrot (1988) minimized the surface and gravitational energy 
for a drop of a fixed volume on a vertical wall. They presented their computations in terms of the Bond number, Bo, 
which is a measure of gravitational to surface-tension forces, 
γ
αρ sin2gDBo =  (1.4) 
where ρ is the liquid density, g is the acceleration of gravity, D is the drop diameter, α is the surface inclination 
angle, and γ is the surface tension of the liquid-vapor interface. Milinazzo and Shinbrot assumed the drop contour 
had a fixed area, while the Bond number increased to a maximum. However, a drop on a vertical plane with fixed 
area has a constant Bond number. Therefore, the increase in Bond number in this work may be re-interpreted as an 
increase in the inclination angle of the plane from 0 to 90° for the same drop. Milinazzo and Shinbrot found the 
contact angle hysteresis to increase with the Bond number until either θA reaches 180° or θR reaches 0°. The increase 
in θA and decrease in θR from the horizontal contact angle were almost linear functions of the Bond number. With 
the new interpretation of the data, the contact angle results are similar in nature to those of Brown et al. (1980). Both 
numerical studies disagree with experimental measurements as explained later. 
Rotenberg et al. (1984) solved the drop-shape problem by minimizing the energy of the drop using a finite-
element method. They prescribed the variation of the contact angle along the contour as a boundary condition. In 
defining contact angles, they assumed the drop was moving slowly and imposed relations between dynamic contact 
angles and the normal velocity of the contact line. However, dynamic contact angles and their dependence on 
velocity do not reflect the physics of angles within a static drop. Rotenberg and co-workers also presented 
experimental observations of contours and median profiles of drops on inclined planes, and concluded that a circular 
contour is a reasonable assumption for static drops. 
The investigations reviewed above either imposed or obtained questionable contact angles. Larkin (1967), 
Brown et al. (1980), and Milinazzo and Shinbrot (1988) found the horizontal contact angle, θH, to have an 
intermediate value between θA and θR. This finding is contrary to those of other researchers such as MacDougall and 
Ockrent (1942) who tested drops of water and mercury on several inclined solid surfaces at the critical condition of 
sliding. They found the advancing angle at detachment conditions to be constant for all inclinations and equal to the 
horizontal contact angle, except for some cases where it was only slightly higher than θH. Using a force balance on a 
two-dimensional drop, they obtained the following relation at the critical condition 
αθθ sincoscos 1 cAR AK=−  (1.5) 
where K1 is a constant, Ac is cross sectional area of the (two-dimensional) drop, and α is the plane inclination angle. 
Their experiments showed that the left hand side of equation (1.5) changed linearly with Acsinα, and since the 
critical θA was constant, the receding angle at detachment was independent of surface inclination. MacDougall and 
Ockrent concluded that advancing and receding contact angles are characteristic angles of the liquid-surface 
combination. Other researchers confirmed that the advancing angle at the critical condition is the horizontal contact 
angle for smooth surfaces, as reported by Kwok and Neumann (1999). 
In addition to the questionable contact angles, the results of the reviewed works are limited in their 
generality. The shapes, profiles, and contact angles were presented for selected Bond numbers, but general relations 
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between them were not provided. Therefore, the results cannot be used to predict the volume of a general drop, 
given its diameter and contact angles. 
Many investigations of drops on inclined surfaces focused on the special case of drops on the verge of 
sliding. Important parameters, such as maximum diameter, maximum volume, and critical contact angles, can be 
obtained from studying this case. A numerical investigation of drop shapes on inclined planes at this critical 
condition was presented by Dimitrakopoulos and Higdon (1999). They minimized the contact angle hysteresis for a 
given advancing angle and Bond number, with the condition that pressures from surface tension and gravity are 
equal at the liquid surface. Using this approach, no conditions were imposed on the shape of the drop contour. 
However, the resulting drop contours showed elongation in the direction perpendicular to gravity, which is contrary 
to experimental observations. Therefore, Dimitrakopoulos and Higdon imposed an additional condition to prevent 
side-expansion of the contact line. The results showed contact angle variation along the drop base to almost follow a 
step function between θA and θR.  
A comparison of different numerical results obtained for the contact angle as a function of the azimuthal 
angle in a drop is presented in Figure 1.3. Although the results are for only slightly different conditions, the curves 
do not show the same behavior. The contact angle functions differ in nature, in addition to differing in their initial 
and final values, θmax and θmin, respectively. The discrepancies can be attributed to different assumptions adopted by 
investigators. Experiments are needed to decide which contact angle function, if any, represents real drops. 
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Figure 1.3 Numerical results for contact angle variation with azimuthal angle in drops on inclined surfaces, 
obtained by different researchers. The horizontal contact angle was 70° for the curve by Brown et al. and 90° for 
the other curves. 
Tsukada et al. (1982) studied the effect of surface inclination angle on maximum drop volume by 
minimizing the total energy of the drop for a fixed volume. They used a circular contact line and the advancing 
angle as boundary conditions. Tsukada and co-workers also injected drops from holes and obtained images to 
determine contact angles and maximum diameter for pendant drops. The experiments showed that as the 
dimensionless volume increased, θA remained almost constant and the minimum contact angle decreased. In these 
experiments, an artificial maximum diameter was imposed by fixing the hole size through which drops were 
 10 
injected. Also, the results were presented for selected surface-inclination angles, but could not be utilized for other 
conditions. 
Dussan V and Chow (1983) studied the shapes of static drops of critical sizes on inclined plates as a 
limiting case of their investigation of sliding drops. Following experimental findings for sliding drops (Bikerman, 
1950; and Furmidge, 1962), Dussan V and Chow assumed the drop contour to be elongated with two arcs connected 
by parallel sides in the direction of gravity, as shown in Figure 1.4d. The contact angle was taken as the advancing 
angle for the lower curve of the contour and the receding angle for the upper portion, with values in between for the 
parallel sides. Solutions were obtained for static drops when the advancing angle, θA, was very small. On the other 
hand, experiments conducted on static drops (such as those by Rotenberg et al. 1984) showed the static drop contour 
to be different from the case of sliding drops. Dussan V expanded her work in 1985 to allow larger advancing 
angles, but for the limiting case of small drops with negligible contact angle hysteresis (θA-θR). She derived an 
equation to approximate the maximum volume as a function of θA, θR, surface-inclination angle, and liquid 
properties. In 1987, Dussan V studied the influence of the motion of the surrounding fluid for small θA and small 
hysteresis. 
 
 (a) (b) (c) (d) 
Figure 1.4 Different drop-base contours observed or assumed by researchers. 
(a) Circular; (b) Elliptical; (c) Asymmetrically elongated; (d) Parallel-sided. 
Merte and Yamali (1983) considered two-dimensional drops on vertical surfaces at critical conditions of 
sliding. They minimized the total energy of drops for given volumes, using variational calculus. The profile at the 
symmetry plane was assumed to have infinite width, and the base length was taken to represent drop diameter. The 
advancing contact angle and drop diameter were input, while the receding angle and profile were output. Merte and 
Yamali also tested drops on a surface subject to centrifugal forces to verify their analysis. However, they did not 
measure the advancing contact angle for the tested surface. Instead, they used a value for θA that best fit their data. 
Also, the two-dimensional analysis neglects the variation of contact angles along the drop contour, which affects 
surface-tension forces. Moreover, for non-circular contours, the base length at the symmetry plane is not equal to the 
diameter of the drop. In 1987, Merte and Son extended the work to include advancing angles of up to 180°. In both 
studies, the authors did not compare their results to experimental findings by other researchers.  
Goodwin et al. (1988) presented a simplified model for drop detachment from a rotating disk and measured 
critical rotational speeds. They also measured maximum volume and contact angles for drops of several liquids on 
vertical surfaces. Goodwin and co-workers reported good agreement between their rotational data and the model of 
Dussan V & Chow (1983) for small drops (V → 0) and small contact angles (θ ≤ 30°). 
 11 
Briscoe and Galvin (1991) studied the sizes of sessile and pendant drops at critical conditions of sliding and 
found sinα to scale with 3
2
max
−V , where α is the surface-inclination angle and Vmax is the maximum drop volume. 
They compared their measurements of Vmax on a surface to the equation proposed by Dussan V (1985) and reported 
reasonable agreement between them. The equation under-estimated maximum volume by less than 23%, with better 
agreement at small inclination angles. Nguyen et al. (1987) also conducted experiments to verify the Dussan V 
equation and stated that it predicted maximum volume to within experimental uncertainty. However, their 
measurement error was high, causing deviations that exceeded 28%. 
The shape of the drop contour and the contact angle variation along its circumference are important 
parameters that affect retention forces and, consequently, the maximum drop size. For the elongated “parallel-sided” 
drop, the surface-tension forces at the parallel sides cancel. Dussan V and Chow (1983) showed that for their 
assumption of contact angle variation described above, the retention force, F, is given by 
( )ARs k
w
F θθ
γ
coscos −=  (1.6) 
where w is the drop width, γ is the liquid surface tension, and k = 1. For a circular drop, w is equal to the radius, R. 
The constant k in equation (1.6) can be thought of as a scale factor for dimensionless retention force that depends on 
the assumptions for contour shape and contact angle variation. Wolfram and Faust (1978) predicted a value of k = 
3.14, while Extrand and Gent (1990) predicted half of that value based on the results of Brown et al. (1980). Extrand 
and Gent also conducted experiments with liquid drops on a rotating disk to determine k. They assumed a circular 
drop with an advancing angle in the lower half, and a linear variation between θA and θR in the upper half. The 
calculation resulted in a k-value of 1.27, which agreed with their data for small values of (cosθR-cosθA), but under-
predicted retentive force at higher values of the cosine difference. Extrand and Kumagai (1995) performed similar 
experiments using a tiltable plane. They considered elliptical contours with cosθ varying linearly around the drop. 
Although Extrand and Kumagai had an error* in calculating k, they showed that k increased with the aspect ratio of 
the ellipse. They also measured contact angles for water and ethylene glycol on several surfaces. 
1.3 Summary and Objectives 
Water condenses and accumulates on heat exchangers causing significant changes to thermal and hydraulic 
performance. Quantifying the retained condensate for different conditions can help in the design of heat exchangers 
for wet operation. Previous efforts to predict the amount of condensate retained on heat exchangers have been 
restricted to simple geometries and conditions. Only a few studies include attempts to predict condensate retention, 
and most of these considered filmwise condensation on annularly finned-tubes. A model proposed by Korte and 
Jacobi (1997) presented a good first approximation to the mass retained as drops on plain-fin heat exchangers. 
Although the model agreed reasonably with retention measurements for a particular coil, it was not successful when 
applied to other coils and conditions. 
In order to successfully predict the mass of drops retained on a coil in a general way, the size-distribution 
function for drops, nD(D), and their volumes, V(D), need to be accurately determined for given conditions. The size-
                                                          
*
 See Appendix A. 
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distribution of drops can be described by two logarithmic fits, one valid for small diameters and one for large-
diameter drops (with a crossover at about 20% of the maximum diameter). Although fractal functions also have been 
proposed, a purely fractal approach does not capture the change in distribution between small and large drops. Most 
investigations of drop distributions have been aimed at finding the condensation heat transfer coefficient. Therefore, 
they focused on small drops which are more significant to that application. On the other hand, larger drops are of 
greater significance to condensate retention modeling than smaller drops. The results of Sugawara and Michiyoshi 
(1956) showed that lower portions of a surface are swept more often, indicating that vertical position on the surface 
is an important parameter affecting the distribution of drops. However, most studies considered small surfaces with 
lengths not exceeding 4 cm. Yin and Jacobi (2000) tested a longer surface, and their measurements showed less 
drops per unit area than previous investigators. Figure 1.2 shows that drop-distribution functions proposed by 
various researchers have similar slopes for small drops, but are significantly different for larger drops. Although 
earlier research has determined the nature of the size-distribution functions for drops, there is a need to generalize 
these distributions for application to various conditions and surface dimensions. 
Investigations of the shapes of drops on inclined surfaces have been less conclusive and stand as less 
complete than work on the distribution functions. Moreover, determining the shapes of drops under general 
conditions is essential to the retention model, because it is needed to calculate the volume, V(D), for all diameters 
(equation 1.1). In addition, the maximum diameter is needed to fit the two portions of the size-distribution function 
(equations 1.2), and to set the integration limit for finding the total mass (equation 1.1). Drop-shape studies using 
numerical solutions to the capillarity equation have contradicted experimental observations of advancing and 
receding contact angles and drop contours. The deviations between calculation and observation can be attributed to 
the assumptions adopted and boundary conditions imposed in such studies. Moreover, there have been several 
efforts to determine maximum volumes of drops on inclined surfaces, but no reliable function relating volume to 
shape parameters is found in the literature. Thus, a relation is needed to accurately describe the volume of a drop in 
terms of its diameter and contact angles at different conditions. 
Numerical studies have disagreed on how the contact angles vary within a drop, as depicted in Figure 1.3, 
and no experiments have been reported to resolve this disagreement. Furthermore, different drop contours, shown in 
Figure 1.4, have been assumed or observed by different researchers. The discrepancies regarding the nature of the 
contact angle function and the shape of the drop contour have resulted in predictions of the retentive-force factor, k, 
that differ by more than 300%. This unresolved disagreement reflects a fundamental lack of understanding of the 
shapes of drops on inclined surfaces. 
The objective of this work is to develop a model for predicting the steady-state mass of condensate drops 
retained on heat exchangers. In order to achieve this goal, this research is aimed at filling the gaps in understanding 
the three-dimensional shapes of drops on inclined surfaces under general conditions. In particular, it is desired to 
have a reliable relation that describes the volume of a drop as a function of its diameter and contact angles. Also, the 
nature of the contact angle variation within a drop is to be determined to resolve the discrepancies in literature. For a 
given surface, it is required to know the variation of contact angles and contour shapes with drop sizes and surface 
conditions, so that the volume function can be found for every drop on the surface. Knowledge of shape parameters 
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will enable the reliable calculation of maximum drop diameters. In addition to understanding drop shapes, size-
distribution functions need to be obtained for various conditions and surface dimensions, in order to develop a 
complete, general, and robust model. The completed model will be validated using experimental results from a range 
of independent sources. 
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Chapter 2.  The Two-Circle method 
2.1 Introduction 
One of the goals of this research is to provide a reliable description of the volume of a drop as a function of 
its diameter and contact angles. The volume function can then be multiplied by the size-distribution and integrated 
over drop diameters and surface area to obtain the mass of retained condensate. A liquid drop on a horizontal plane 
takes the shape of a spherical cap, where the base contour is circular and the contact angle is constant around the 
base. In this case, the volume, V, of the drop is 





 +−
=
θ
θθπ
3
33
sin
coscos32
24
DV  (2.1) 
where D is the drop diameter and θ is the contact angle. A profile of the drop appears as part of a circle. Figure 2.1 
shows a side image of a drop on a horizontal plane with a circle fit to its profile. The profile is a projection of the 
drop seen from an azimuthal angle of 90°. When the plane is tilted, the surface of the drop becomes “elongated” due 
to gravitational forces and its shape changes. If the profile of the drop is known at every azimuthal angle and the 
contour shape is given, then an integration around the circumference of the drop allows determining its volume. In 
this work, a method is proposed to approximate the shape of a drop by assuming the profile at a given azimuthal 
angle to be part of two circles having a common tangent. The concept of fitting two circles to the profile is based on 
experimental images of drops, where each profile is well-fit by two circles. However, let us start from a special case 
and relate the approximated profile to the physics of the problem. 
φ= 90° 
 
Figure 2.1 The contour of a water drop on a horizontal plate, and the profile taken at an azimuthal angle of 90°. 
The profile is fit by a circle. 
2.2 Comparing Analytical Profile to Two Circles 
Consider a drop on a vertical plane, the profile of which is shown in Figure 2.2 Let the contact angles of 
this section be denoted by θ1 and θ2, as shown. The Young-Laplace equation may be written for any point on the 
liquid-vapor interface 






+=∆
21
11
RR
P γ  (2.2) 
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where ∆P is the pressure difference across the interface, γ is the liquid surface tension, and R1 and R2 are the 
principal radii of curvature. The pressure in equation (2.2) may be obtained from the hydrostatic pressure, 
0PgxP ∆+∆=∆ ρ  (2.3) 
where ∆ρ is the density difference across the interface, g is the acceleration of gravity, and ∆P0 is the pressure 
difference at the origin (∆P0 = ∆ρgL). Equating the pressures in equations (2.2) and (2.3), we can get an expression 
for the mean curvature at any point on the surface of the drop 
21
21
11
cxc
RR
+=+  (2.4) 
where c1 = ∆ρg/γ and c2 = ∆P0/γ. 
 
Figure 2.2 The mid-section of a liquid drop on a vertical plane with contact angles θ1 and θ2. The z-axis points 
out of the page. The length at the drop base is 2L. 
The surface of the drop can be expressed as a function Y=Y(x, z). Let the subscripts x and z denote partial 
derivatives with respect to x and z, respectively. The mean curvature can be expressed as (Bateman, 1959) 

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After taking the partial derivatives, equation (2.5) becomes 
( ) 2322
22
21 1
2)1()1(11
zx
xzzxxzzzxx
YY
YYYYYYY
RR ++
−+++
=+  (2.6) 
The profile shown in Figure 2.2 is taken at the mid-section of the drop, where z = 0, and the drop is symmetric 
around that plane. Therefore, Yz = 0. For the degenerate case of Yzz = 0, equation (2.6) reduces to 
( ) 23221 1
11
x
xx
Y
Y
RR +
=+  (2.7) 
L 
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Circle 2 
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Combining equations (2.4) and (2.7), a differential equation for the profile in Figure 2.2 is obtained. 
( ) 212321 cxcY
Y
x
xx +=
+
 (2.8) 
with the following boundary conditions: 
At x = L, Yx = -tanθ1; (2.9a) 
and at x = -L, Yx = tanθ2 (2.9b) 
The negative sign in condition (2.9a) is due to θ1 being measured through the liquid. The conditions also apply if the 
contact angles were greater than 90°. Using the substitution ω = Yx and integrating, equation (2.8) becomes 
( )∫ ∫ +=+ dxcxcd )(1
1
21
2
32
ω
ω
 (2.10) 
Performing the integration and substituting back, the equation becomes first order 
32
21
42 21
cxcx
c
xc
Y
Y
x
x ++=−
+
 (2.11) 
Re-arranging, Yx becomes 
( )23521
35
2
1
5.01
5.0
cxcxc
cxcxc
Yx
++−
++
−=  (2.12) 
where c5=c2+c4. 
Applying the slope boundary condition (2.9a) and using the identity (tan2θ + 1) = sec2θ, 
135
2
1 sin5.0 θ=++ cLcLc  (2.13) 
Similarly, the boundary condition (2.9b) leads to 
235
2
1 sin5.0 θ−=+− cLcLc  (2.14) 
Solving the two equations, we get the constants 
c3=0.5(sinθ1 – sinθ2 – ∆ρg/γL2), (2.15a) 
c5=(sinθ1 + sinθ2)/2L, and (2.15b) 
c1=∆ρg/γ, as defined earlier. (2.15c) 
Setting Yx in equation (2.12) equal to zero, we can obtain the location x0 where the drop “height” (in the y-direction) 
reaches a maximum. 
1
31
2
55
0
2
c
cccc
x
−+−
=  (2.16) 
where the constants are as defined in (2.15). 
Since equation (2.12) has no closed-form solution, Yx of the drop profile is compared to Yx of two circles 
having a common tangent. Let Circle 1 be centered at (x0, y01) and described by the equation 
2
1
2
01
2
0 )()( ryyxx =−+−  (2.17) 
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The derivative at a point on Circle 1 becomes 
2
0
2
1
0
1 )( xxr
xx
Yx
−−
−
−=  (2.18) 
Similarly, the derivative for Circle 2, which is centered at (x0, y02) with a radius r2, is 
2
0
2
2
0
2 )( xxr
xx
Yx
−−
−
−=  (2.19) 
where r1 = (L-x0)/sinθ1, and r2 = (L+x0)/sinθ2. Figure 2.3 shows Yx plotted against x for the drop profile (equation 
2.12), compared to Yx1 and Yx2 for the circles. Circle 1 closely approximates the profile of the right portion (x > x0), 
and deviates for x < x0. The left portion of the profile (x < x0) is closely approximated by Circle 2. Thus, the two 
circles, taken together, provide a good approximation for this profile. 
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Figure 2.3 Derivative of the profile of a drop on a vertical plane, compared to the corresponding derivatives of 
two circles approximating the profile. Circle 1 closely approximates the right portion of the profile, while Circle 
2 approximates the left portion. L=2, θ1=72°, and θ2=44°. 
Experiments, described later, indicate that the two-circle approximation works well for more general 
sections. If the section in Figure 2.3 is taken at other azimuthal angles or different surface inclinations, the profile 
can still be fit by two circles. The next section describes the two-circle method in more detail. 
2.3 The Two-Circle Approximation 
2.3.1 The Profile at an Arbitrary Section 
Consider a drop where the base of the drop is inclined with respect to gravity, as shown in Figure 2.4. For 
this cross section, the length at the base of the drop is given as 2ζ, and the contact angles θ1 and θ2 are known. The 
drop contour can have a general shape, with D representing the equivalent diameter and 2ζ being the length at the 
current cross section. Since the x-component of gravity points in the positive direction, θ1 ≥ θ2. The two circles meet 
at the highest point of the profile, where x = X0 and y is a maximum. The circle with a contact angle θ1 is named C1 
and variables with subscript 1 refer to it. Similarly, variables with subscript 2 refer to the other circle, C2. The origin 
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is selected so that C2 is centered at (X0, 0) and C1 is centered at (X0, Y0), as shown in the Figure 2.4. Equating the 
height of the drop from C1 and C2, 
2
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1 cos
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θ
θθ
LLLL
−=−  (2.20) 
Simplifying, L1 can be expressed as 
fLLL ⋅= 21  (2.21) 
where 
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Since L1 + L2 = 2ζ, the variables L1 and L2 can be expressed in terms of the base length and the contact angles as 
f
f
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 (2.23a) 
and 
fL
L
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=
1
2
2
ζ
 (2.23b) 
 
Figure 2.4 The profile of a drop on an inclined plane with the nomenclature for the two-circle method. 
A few observations can be made at this point. The function )cos1(
sin
θ
θ
−
 is a decreasing positive function 
for 0° < θ < 180°, and θ1 ≥ θ2 as mentioned earlier. Therefore, Lf  ≤ 1, which leads to the conclusion that L1 ≤ L2. In 
other words, X0 ≥ 0. This result also indicates that the radius of C1 is smaller or equal to that of C2, and Y0 ≥ 0. 
Another observation is regarding the case when one or both contact angles are greater than 90°. Figure 2.5 shows the 
geometry for a case of θ1 > 90°. It can be seen from the figure that sinβ1 = sinθ1 and cosβ1 = -cosθ1. Thus, the drop 
height based on C1 of Figure 2.5 is 
θ2 θ1 
θ1 
θ2 
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ya 
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C2 
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Therefore, the same expressions apply when one or both angles are greater than 90°. 
 
Figure 2.5 The profile of a drop with one contact angle greater than 90°. The equations developed to describe the 
profile apply also to cases where one or both angles exceed 90°. 
2.3.2 The Volume of a Drop 
The volume of a drop may be obtained by integrating the profiles over cross sections taken at all azimuthal 
angles. Figure 2.6 shows the side and top views of a differential element used in the volume integration. The 
cylindrical coordinate system is adopted, with the conventional (r, θ, z) replaced by (x, φ, y). The volume of the drop 
can be expressed by the triple integral 
∫∫∫ ⋅⋅⋅=
V
ddydxxV φ  (2.25) 
The drop is assumed to be symmetric around the plane φ = 0, since the gravity vector is parallel to that plane.  
In performing the integration of equation (2.25), the drop is divided into two parts: VI for –π/2 ≤ φ ≤ π/2, 
and VII for π/2 < φ < 3π/2, as shown in Figure 2.6. Thus,  
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and 
III VVV +=  (2.26c) 
The first term of equation (2.26a) represents the part of VI generated by C1, where the geometry of the profile 
changes from one section to another. In the second term, the area between the base of the drop and the line y = yb is 
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integrated over the drop base, with 0 ≤ x ≤ X0. The third term subtracts the area between that line and C2. Equation 
(2.26b) gives an expression for the portion of C2 generating VII. Notice that X0 always lies in the VI portion of the 
drop, as discussed in the previous section. 
  
 (a) 
 
 (b) 
Figure 2.6 Side (a) and top (b) views showing a differential element used in cylindrical coordinates to obtain the 
volume of a drop by integration. Different colors are used to explain the different terms used in the integration. 
The variables ya, yb, and yc used in the integration limits are the y-coordinates of the profile at the drop 
base, the maximum height (at x = X0), and at x = 0, respectively. These coordinates, which are shown in Figure 2.4, 
can be expressed as follows 
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10 LX −= ζ  (2.27d) 
Notice that the distance between the origin and the drop base, ya, changes from one section to another. However, 
since the differential element is integrated around the y-axis, the location of the origin on the y-axis does not affect 
the volume integration. 
Equation (2.26a) may be re-written as 
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But the equation of circle C1 can be used to express x1 as 
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Substituting (2.30) into (2.29) and integrating, the term T11 becomes 
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The second term on the right hand side of equation (2.28) is 
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The equation for the third term is 
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For the portion of C2 in VI, x2 can be expressed as 
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Substituting (2.34) into (2.33), integrating, and simplifying, the expression for T122 becomes 
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Since x is a radial coordinate, x2 in the VII portion of the drop is positive and can be expressed as 
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Equation (2.36) can be substituted into (2.26b) to get 
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which can be written as 
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After integrating and simplifying, the terms in equation (2.38) become 
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and 
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As mentioned earlier, adding VI and VII results in the total volume of the drop. The equations describing the volume 
of a drop apply also for the case when θ exceeds 90°. 
The development of the two-circle method did not impose restrictions on the contact angle function θ(φ) or 
the contour shape ζ(φ). Thus, the method allows different models for these functions to be used and compared. As 
mentioned in the previous chapter, earlier studies reported different shapes for each of the θ(φ) and ζ(φ) functions. 
These two functions will be experimentally investigated in this work. If an equivalent diameter is used to represent 
the drop contour, then 
2
)( D=φζ  (2.40) 
which is a constant for the drop. If the contact line takes the shape of an ellipse, Appendix A shows that ζ can be 
expressed in terms of the major axis, L, and the aspect ratio, β, as 
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where β = L / w, and w is the length of the minor axis of the drop contour. With ζ and θ described as functions of φ, 
equations (2.28) and (2.38) can be integrated to get the volume of the drop. The two-circle method will be used as a 
tool to compare the effect of different parameters on drop volume and critical diameter. 
The two-circle method is based on approximating the profile of a cross section by parts of two circles 
sharing a tangent. The analysis of section 2.2 provides a physical basis for this approximation, although only a 
special case was considered analytically. Images of profiles at different azimuthal angles, shown and discussed later, 
indicate that two circles can reasonably fit a profile in the manner described in this chapter. Notice that for a section 
taken at φ = π/2, the two-circles coincide, due to symmetry, forming one circle. In this case, the contact angles of the 
section, θ1 and θ2 become equal. The difference between θ1 and θ2 reaches a maximum at the plane φ = 0, where θ1 = 
θmax and θ2 = θmin. 
2.3.3 Summary 
The derivations for the two-circle method are summarized in this section. The total volume of a drop is 
obtained by adding two volumes, VI and VII. The volume VI is determined from equations (2.28, 2.31, 2.32, and 
2.35), which can be put in a shorter form as 
( ) ( ) ( ) 12002
0
1
3
1
3
0 coscos32
3
θθθ
π
YyX
YyV bbI −+




+−
−
= ∫  
( )( ) cbbabba yyyyyXYyYyX 23201000 3
2
3
2)(sin +−−+−−− θ  
            φπ d
y
y
yXy
X
yX
b
c
bcb


















−++− −120
2
02
0 sin23
 (2.42) 
Similarly the volume VII is obtained from equations (2.38) and (2.39), which can be expressed as 
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where ya, yb, yc, and X0 are determined from equations (2.27), which require knowledge of L1, L2, and Lf from 
equations (2.22) and (2.23). Notice that all the variables in equations (2.42) and (2.43) can be expressed in terms of 
ζ, θ1, and θ2. Therefore, equations (2.42) and (2.43) provide an approximation for the volume of a drop on an 
inclined surface, which is expressed as a function of known drop parameters in the form 
∫≈ φθθζ dfV ),,( 21  (2.44) 
The functions describing the variation of contact angles, θ(φ), and the contour shape, ζ(φ), are used as inputs and 
will be studied in this research. 
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2.3.4 Predicting the Volume of a Drop 
In order to test and verify the two circle method, it was used to predict known volumes of drops. 
Experiments were conducted and the procedures and results are described in the next chapters. A comparison with 
experiments reported in literature requires knowledge of dimensions that are rarely stated. However, Extrand and 
Gent (1990) provided a top and a side image of a 3-mm3 drop with scales. The dimensions of the elliptical contour, 
and the contact angles were measured from the two images; and the drop was reconstructed using the two circle 
method. The contact angle was assumed to vary as a third-degree polynomial of the azimuthal angle. Experiments 
reported later confirmed this assumption to be a reasonable one. Figure 2.7 shows the regenerated drop of Extrand 
and Gent. A three-dimensional model of the drop was also generated using stereo-lithography. Appendix B lists the 
program used to calculate the coordinates of the surface of the drop. The volume of the drop was predicted by the 
two-circle approximation with an error of 1%. The uncertainty in volume measurement was not stated by Extrand 
and Gent, but it is expected to be greater than 1%. More experiments are reported later. 
 
 (a)  (b) 
 
(c) 
Figure 2.7 A drop regenerated using the two-circle method. (a) Profile at the φ = 0 plane; (b) Contact line; and 
(c) Three-dimensional view. 
 25 
2.4 The Two-Ellipse Approximation 
The two-ellipse method is proposed to approximate the shape of the contour at the base of a drop. Some 
researchers, such as Extrand and Kumagai (1995), found large drops to have egg-like contours, as was shown in 
Figure 1.4.c. A picture of a drop is shown in Figure 2.8 where the contour is fit by two ellipses, since one ellipse did 
not provide a good fit. The two ellipses share the same minor axis. Let the major axes of the advancing (lower) 
ellipse and the receding (upper) ellipses be La and Lr, respectively. Also, let w designate the minor axis. The area of 
the drop contour becomes 
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and the equivalent aspect ratio of the two ellipses is 
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Thus the drop contour can be approximated by two ellipses with an equivalent major axis equal to the 
average of the major axes of the ellipses. The minor axis is the same for both ellipses. Notice that a contour fit by a 
single ellipse would be a special case of this approximation where La=Lr. Also, a circle is another special case where 
La=Lr=w. Experiments reported later indicate that for the purposes of this research, the drop of Figure 2.8 can be 
suitably fit by one ellipse. 
 
Figure 2.8 Drop contour fitted by two ellipses sharing the same minor axis. 
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Chapter 3.  Experimental Setup and Procedure 
3.1 Introduction 
The purpose of these experiments is to understand the relations between different drop-shape parameters 
affecting the prediction of volume. In particular, the variation of contact angles within a drop is to be investigated. 
Also, the relation between contact angles and drop size will be examined. In addition, the shape of the contact line at 
the base of the drop is to be studied for different sizes. Experiments will also be used to verify the two-circle method 
for volume prediction. 
This chapter begins with a description of the apparatus used for measuring advancing and receding angles 
for selected liquids and surfaces. Then, the setup developed for investigating profiles, contours, and contact angles 
of drops and bridges will be presented. The procedures for conducting the experiments and analyzing the data will 
follow afterwards. 
3.2 Measuring Advancing and Receding Contact Angles 
Experiments were conducted to measure the advancing and receding contact angles of water and ethylene 
glycol on several hydrophilic and hydrophobic surfaces, in order to characterize the surfaces for use in later tests. 
For a given cross section, a contact angle is the angle measured between the solid surface and the tangent to the 
liquid profile at the point where the three phases meet. Contact angles are always measured through the liquid phase. 
Feeding liquid into a drop expands it, and the contour advances over dry regions. The contact angles observed when 
the contour advances over dry regions are greater than those observed when the contour recedes over wet regions. 
The maximum possible contact angle for a liquid-surface combination observed when the drop contour is about to 
advance is called the advancing contact angle, θA. Similarly, the minimum possible angle for a liquid-surface 
combination when a drop contour is about to recede is the receding contact angle, θR. 
Advancing and receding contact angles were measured by feeding and withdrawing liquid, respectively, 
through a micro-syringe onto a horizontal surface. A contact-angle goniometer, made by Rame-Hart (Model 100-00) 
and shown in Figure 3.1, was used to take the measurements. Two liquids and eight surface coatings covering a 
wide range of contact angles were tested. The surfaces were commercially available coatings and were designated 
by letters A to H. Three specimens of each surface were cut, wiped once with alcohol for cleaning, and dried. The 
advancing and receding angles were measured on three different spots of each specimen, totaling 18 measurements 
for each liquid-surface combination. The average measurements are reported in Chapter 4. 
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Figure 3.1 Goniometer used for measuring advancing and receding contact angles in order to characterize 
surfaces. 
An attempt to improve the accuracy and repeatability of measurements involved using a CCD camera in a 
similar setup, instead of the goniometer, to record images of drops while expanding or contracting. The recorded 
images were then played and the frames of maximum and minimum angles were selected and analyzed using 
procedures described later in this chapter. Although good-quality images were obtained, the resolution was not high 
enough to improve accuracy and justify the very lengthy procedure. Therefore, the conventional goniometer was 
adopted for contact angle measurements. 
3.3 Apparatus for Testing Shapes of Drops and Bridges 
An apparatus was designed and constructed to investigate the three-dimensional shapes of drops on 
inclined surfaces. In developing the apparatus, several options were considered. First, a confocal microscope was 
used, but it could only test very small drops. Pieters et al. (1996) described a method for determining the geometry 
of drops on transparent surfaces, based on light transmittance and refraction through the drops. However, it can not 
be extended to opaque materials, since it depends on the light transmittance through the surface itself. It was finally 
decided to study drop profiles and contact angles by taking side images from azimuthal angles around the 
circumference of the drop.  
The setup used to investigate drop shapes is shown schematically in Figure 3.2. The drop to be examined 
rests on the test surface, which is attached to a fixed plate. A camera, microscope, and light source are connected to 
an arm that rotates around the drop. The fixed plate and rotating arm are attached to a larger plate which can be tilted 
to different angles of inclination. A Single Lens Reflex (SLR) camera with a 1:1 macro lens was initially used 
Light Source 
Syringe 
XYZ-Table 
Eye Piece 
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without mounting the microscope. Prints of drop images with enlargements of up to 20 times were obtained. The 
prints were computer-scanned to prepare images for software processing. Alternatively, film negatives were scanned 
using a high-resolution scanner with an optical resolution of 5000 dots per inch (dpi). Analysis of the scanned 
negatives produced results that were close to the optically-enlarged images. Another method for recording images 
was by connecting the microscope, which had a 20X magnification, to a digital camera with macro-mode capability. 
This imaging method gave reasonable results, compared to the other methods. Moreover, it had the advantage of 
significantly saving resources by avoiding film processing and scanning. The digital camera was connected to the 
microscope with a special adaptor that could hold the camera against gravity when needed. A xenon light was used 
at an angle of 180° from the camera, illuminating around the drop profile. The light source was covered by black 
velvet to improve contrast. When testing water drops, the fixed plate was replaced by another plate inside a vapor-
tight, transparent, box that was saturated with water vapor to reduce the drop evaporation rate. Tests were conducted 
to verify that refraction through the box did not affect the recorded images. Using the box, no significant change was 
observed in the profiles or contour of a drop over the time of the experiment. 
 
Figure 3.2.a Front view of the apparatus used to study the shapes of drops on inclined surfaces. 
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Figure 3.2.b Cross section of the apparatus used to study drop shapes. 
Images of drop contours were recorded from a location perpendicular to the base of the drop. A removable 
fixture was constructed to mount the camera in a way ensuring it was positioned properly. Test images of grid marks 
were recorded, and an image-aspect-ratio of 1.0 was obtained. An uncovered krypton light source was used for 
contour images. A measuring grid was attached to the fixed plate to determine the dimensions of drop contours from 
recorded images. 
A module was added to the setup to test bridge shapes. It consists of two surfaces with controllable distance 
between them to simulate variable fin spacing. A measuring grid was used to determine the exact fin spacing. 
Images of bridge profiles were recorded at different azimuthal angles, similar to drops. The dimensions of bridge 
contours were determined from locations of the edges of profiles taken at different azimuthal angles. 
3.4 Test Procedures 
Tests were conducted to examine the variation of contact angle with azimuthal angle in drops. A 
rectangular piece of the test surface was cut and attached to the fixed plate. It was then cleaned by wiping it once 
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using alcohol. The surface was tilted to the angle of inclination, α, to be tested. A drop was injected onto the test 
surface from a micro-syringe. Micro-syringes with capacities of 1, 5, 10, and 25 µl (1 µl = 1 mm3) were used to 
cover a range of drop volumes with good accuracy. The maximum uncertainty in the volume measured from 
syringes was 2.5%. For water drops, hot water was added to the box enclosing the fixed plate and allowed to saturate 
the air inside the box before injecting the drop. On the other hand, ethylene glycol did not show any significant 
evaporation problems and a similar box was not needed. In fact, it was selected for these experiments because of its 
low vapor pressure. 
Profile images of drops were recorded with the camera positioned at various azimuthal angles. The camera 
angle was changed by rotating the arm carrying the camera and light source from φ = 0° to 165° or from 180° to 
345°, where φ is measured as in Figure 3.2.a. At least two rounds of pictures were recorded so that average values of 
contact angles are obtained. An image of a drop profile shows two angles. For example, an image with a camera 
angle of 90° shows the contact angles at φ = 0° and φ = 180°. Notice that a camera angle of 270° shows these same 
angles from the other side. The profile images were used to characterize the nature of the contact angle function 
θ(φ). Once the function was determined, other drop tests involved measuring only the maximum and minimum 
angles under various conditions. Images of drop contours were also recorded and the dimensions of the contact line 
were calculated. The dimensions of the drop contour and the contact angles were then used to predict the volume of 
a drop and compared to the volume injected from the micro-syringe. The tested drops ranged in volume from 0.7 to 
25.0 mm3, with diameters from 1.18 to 5.80 mm. The maximum uncertainty in drop diameter was 2.3%. The tested 
surfaces had advancing angles from 49° to 112° with receding angle from 12° to 78°. Surface inclination angles 
were varied from 0° (horizontal) to 90° (vertical). 
For bridges, two pieces of the test surface were cut and attached to the two plates. They were then cleaned 
as in the case of drops. A drop was injected on each surface, and the fin spacing was decreased until the drops 
touched each other. The distance between plates was adjusted to the required nominal fin spacing. Bridges of size 4 
mm3 were tested. Smaller bridges were also examined by injecting a drop onto one surface and decreasing fin 
spacing until the drop formed a bridge. Images of bridge profiles were recorded at the same azimuthal angles as 
drops. 
3.5 Data-Analysis Procedures 
Images of drops became available for software processing either through scanning of prints or negatives, or 
by copying from the CCD or digital cameras, as explained earlier. Three software packages were used to analyze 
profile images and obtain contact angles. The first was Adobe Photoshop. The profile image was rotated, when 
needed, so that the base of the drop coincided with the horizontal. The software was then used to adjust the contrast 
and find edges of the portions of the profile close to each end. Another software package, Scion Image, was utilized 
to obtain x-y coordinates of the edges. Each data file with edge coordinates was analyzed by Microsoft Excel to set 
an origin where the drop base meets the profile, fit a curve to the edge, and find the slope of that curve at the origin. 
The contact angle is the arc-tangent of the slope. A fourth degree polynomial was found to best fit the edge 
coordinates. The goodness of fit was measured by the coefficient of determination, r2, which can be calculated from 
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where yi is a coordinate value obtained from image analysis, ycal is a calculated value from the polynomial, yav is the 
average of yi coordinates, and the summations are done over i. The edge coordinates were fit by polynomials having 
coefficients of determination, r2, that always exceeded 0.98. 
Although this procedure for measuring contact angles is lengthy, it is highly repeatable. Different operators 
conducting the experiments obtained very close angle measurements. A test was performed to check uncertainty due 
to both the experimental procedure and data analysis. A drop was injected onto a test surface and the procedure of 
mounting the camera and recording an image was repeated 25 times. Analysis of the images resulted in a 2σ error of 
3°. Since the tested surfaces were real engineering surfaces, results showed higher scatter due to inhomogeneities. A 
quicker and easier method to find contact angles from images is by fitting two circles to the profile and calculating 
the angles. The method, which gives comparable results, is described in the next chapter. 
There is an error associated with measuring contact angles of drops with non-circular contours. A given 
profile intersects the contour at two points, say a and b, as shown in Figure 3.3. A camera views the profile from a 
perpendicular direction, but because the contour is not circular it views points c and d as the endpoints. In other 
words, the camera records the contact angles at the azimuthal angle of φc instead of φ. In order to calculate φc, the 
contour is assumed to be an ellipse. Contact line images confirm this assumption. Let the major and minor axes of 
the ellipse be L and w, respectively. The equation of the ellipse can be written as 
2
2
2
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wy −=  (3.2) 
for the half with y ≥ 0, where β is the aspect ratio. Line ab has a slope of tanφ. The slope of the tangent to the ellipse 
at any point is 
22 xL
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The perpendicular to line ab which is tangent to the ellipse at point c = (xc, yc), has a slope of  
φtan
1
−=cS  (3.4) 
Using equation (3.3), the x-coordinate of point c can be expressed as 
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The y-coordinate corresponding to xc can be found from equation (3.2). Substituting for Sc from equation (3.4) and 
simplifying, tanφc can be calculated from yc/xc to be  
2
tan
tan β
φφ =c  (3.6) 
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Thus, for a given azimuthal angle, φ, and ellipse aspect ratio, β, the corrected azimuthal angle, φc, can be calculated 
from equation (3.6). Notice that the angle correction depends on both the angle and aspect ratio. Also, φc = φ at 0°, 
90°, 180°, and 270° for all aspect ratios. In studying the variation of θ with φ, azimuthal angles were corrected. 
Typical corrections were in the order of 4°, but some azimuthal angles were corrected by up to 10°. 
 
Figure 3.3 Drop contour showing correction needed for azimuthal angles due to the contact line being non-
circular. The camera records contact angles at points c and d, instead of a and b, respectively. 
For images of drop contours, ellipses were fit to the contact lines. The grid scale was used to determine the 
dimensions of the ellipse. The equivalent diameters of drops with contact angles greater than 90° needed to be 
corrected, since the “apparent” diameters were not the same as the base diameters. Figure 3.4 shows an example of a 
drop with both θmax and θmin greater than 90°. The deviation between apparent and base diameter was within 5% for 
tested drops; however, this deviation triples in volume calculation and should not be ignored. 
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Figure 3.4 Drop on an inclined hydrophobic surface showing the apparent diameter greater than the base 
diameter. The measured diameter was corrected so that the drop is identified by base diameter. 
Bridge images were analyzed similar to drops. However, a bridge image has two profiles and four angles. 
Therefore, the analysis of bridge images was more time consuming. The contact lines at the bases of bridges were 
re-constructed from profile images as mentioned earlier. 
Apparent diameter 
Base diameter 
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Chapter 4.  Drop shape Results and Analysis 
4.1 Introduction 
In this chapter, results of experiments and analysis are presented and discussed. The results include 
measurements of advancing and receding contact angles for liquids on several surfaces, contact angle variation 
within drops, and the distribution of maximum and minimum angles as functions of drop size. In addition, the shape 
of the drop contour is reported as it varies with size. The volume prediction using the two-circle approximation is 
verified. Analysis of critical sizes of drops is also presented and compared to data from the literature. 
The uncertainties in the measured and calculated variables were reasonable. As mentioned earlier, the 
uncertainty in measured contact angles was 3°. Measurements of contour dimensions resulted in maximum 
uncertainties of 2.3% in diameter, D, and 4.6% in aspect ratio, β. The propagated uncertainties for the Bond number 
and calculated volume reached 5.8% and 8.7%, respectively. The volume measured from syringes had a maximum 
uncertainty of 2.5%. 
4.2 Contact Angle Measurements 
Advancing and receding contact angles of liquids were measured on horizontal surfaces. Two liquids and 
eight surfaces were selected to cover a reasonable range of contact angles. The liquids used were water and ethylene 
glycol. The solid surfaces, designated A through H, were engineering materials, most of which are commercially 
available coatings used for heat exchanger surfaces. The advancing and receding contact angles were measured after 
feeding and withdrawing liquid on the surface, respectively. Table 4.1 shows results of contact angle measurements 
for the tested liquids and surfaces. The advancing angles ranged from 49 to 112°, and the receding angles ranged 
from 12 to 78°. The contact angle hysteresis spanned a range of 23 to 51°. 
Table 4.1 Contact angle measurements for liquids and surfaces used. 
 Ethylene Glycol Water 
Surface θA θR θA θR 
A 50 15 72 29 
B 50 15 49 12 
C 59 25 75 52 
D 59 27 83 56 
E 69 19 97 46 
F 65 30 88 58 
G 69 28 80 55 
H 89 59 112 78 
 
The contact angles of Table 4.1 were also compared to angles obtained from drop images and further 
analysis of drops at critical conditions. The results showed the advancing contact angles of some surfaces to be 
slightly higher than horizontal advancing angles. This finding is consistent with the measurements of MacDougall 
and Ockrent (1942). The advancing angles reported in Table 4.1 have been corrected for this increase. On the other 
hand, the horizontal receding angles, reported in the same table, did not necessarily reflect the receding angles on 
inclined surfaces. The results and analysis presented later in this chapter show lower limits for contact angles on 
inclined surfaces. Therefore, the horizontal receding angle may differ, in some cases, from the receding angle on an 
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inclined plane. It can be concluded that measurement of receding contact angles by liquid withdrawal is not reliable. 
Other techniques should be used to measure contact angles, such as tiltable planes. 
4.3 Contact Angle Variation within a Drop 
Measurements of the contact angle as it varies with the azimuthal angle were recorded for drops on several 
surfaces with various inclination angles. The azimuthal angle of zero was taken at the plane of symmetry pointing 
downwards, as in Figure 3.2.a. Thus, (φ = 0) corresponds to the maximum contact angle of the drop, θmax, and (φ = 
180°) corresponds to the minimum angle θmin. Figure 4.1 shows the resulting variation of contact angle with 
azimuthal angle for a drop on a vertical surface. The contact angle θ in Figure 4.1 can be fit by a third-degree 
polynomial of the azimuthal angle φ, with a coefficient of determination, r2, of 0.98. Notice that this drop is not 
necessarily of critical size, and the maximum and minimum angles are designated by θmax and θmin, respectively. The 
contact angle function θ(φ) may be written as 
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where φ and θ are in radians, and a1, a2, a3, and a4 are constants. The conditions used to determine the four constants 
in equation 4.1 are as follows: 
θ(0) = θmax, (4.2a) 
θ(π) = θmin, (4.2b) 
and from symmetry, the slope of the θ function should vanish at φ = 0 and 180°, 
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Thus, the equation fitting the contact angle function becomes 
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Figure 4.1 Variation of contact angle with azimuthal angle for a 0.75 mm3 droplet on surface C at an inclination 
angle of 90°. A third-degree polynomial fits the data with r2 = 0.98. 
Another way of presenting the data is by plotting cosθ against φ. The cosine of the contact angle can also be 
fit by a third-degree polynomial of the azimuthal angle, with a very similar value of r2. Figures 4.2.a to 4.2.f show 
the contact angle variation for drops of various sizes on several vertical and inclined surfaces. Drop sizes in Figure 
4.2 range from 0.75 mm3 to 20 mm3, with surface inclination angles between 10° and 90° from horizontal, and r2-
values from 0.87 to 0.98. The function cosθ can be expressed in a form similar to equation (4.1) with θ replaced by 
cosθ, and conditions (4.2a) and (4.2b) changed accordingly. The slope boundary conditions remain the same. But 
since 
φ
θθφ
θ
d
d
d
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the conditions can be written as 
cosθ(φ = 0) = cosθmax, (4.5a) 
cosθ(φ = π) = cosθmin, (4.5b) 
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Applying conditions (4.5) and solving, the equation describing the contact angles in Figure 4.2 becomes 
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2
2
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3
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coscos3coscos2cos θφ
π
θθφ
π
θθθ +−−−=  (4.6) 
Equation (4.6) presents a reasonable fit for the relation between the contact angle and the azimuthal angle in a drop 
on an inclined surface, as demonstrated in Figures 4.2.a to 4.2.f. Notice that knowledge of θmax and θmin for a drop 
determines the function. For a horizontal drop, θmax = θmin, and equation (4.6) reduces to cosθ = cosθmax. It is also 
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worth noting that Figures 4.1 and 4.2.a present data for the same drop with almost equal values of r2, indicating that 
equations (4.3) and (4.6) fit the data equally well. Equation (4.6) will prove more useful when analyzing the forces 
acting on the drop. 
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Figure 4.2.a Variation of cosine of contact angle with azimuthal angle for a 0.75 mm3 droplet on surface C at an 
inclination angle of 90°. A third-degree polynomial fits the data with r2 = 0.98. 
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Figure 4.2.b Variation of cosine of contact angle with azimuthal angle for a 1.75 mm3 droplet on surface H at an 
inclination angle of 90°. A third-degree polynomial fits the data with r2 = 0.98. 
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Figure 4.2.c Variation of cosine of contact angle with azimuthal angle for a 2.0 mm3 droplet on surface B at an 
inclination angle of 90°. A third-degree polynomial fits the data with r2 = 0.96. 
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Figure 4.2.d Variation of cosine of contact angle with azimuthal angle for a 1.5 mm3 droplet on surface A at an 
inclination angle of 90°. A third-degree polynomial fits the data with r2 = 0.93. 
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Figure 4.2.e Variation of cosine of contact angle with azimuthal angle for a 20 mm3 droplet on surface H at an 
inclination angle of 10°. A third-degree polynomial fits the data with r2 = 0.87. 
0
0.2
0.4
0.6
0.8
1
0 30 60 90 120 150 180
Azimuthal Angle, φ, degrees
c
o
s
 
θθ θθ
 
Figure 4.2.f Variation of cosine of contact angle with azimuthal angle for a 3 mm3 droplet on surface E at an 
inclination angle of 45°. A third-degree polynomial fits the data with r2 = 0.91. 
Experimental determination of the function θ(φ) resolves the discrepancies in literature concerning the 
nature of the curve. The curves describing θ as a function of φ in Figure 1.3 do not resemble the experimental curves 
obtained in this work. These curves are plotted again in Figure 4.3 and compared to a corresponding curve based on 
the current findings. In addition to the difference in the shape of the curve, the maximum and minimum angles are 
also different. These angles will be discussed in the next section. 
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Figure 4.3 Comparison between predictions by earlier researchers for the contact angle function and the third-
degree function found in this work. The horizontal contact angle, used as input, is 70° for the curve by Brown et 
al. and 90° for all other curves. 
4.4 Contact Angle Variation with Drop Size and Surface Inclination 
After answering the key question regarding the shape of the function θ(φ), it is important to determine the 
maximum and minimum angles of a given drop, θmax and θmin. Measurements of such angles were recorded for water 
and ethylene-glycol drops on several surfaces at various conditions. In order to present results in a dimensionless 
form, the Bond number, Bo, is used. As mentioned earlier, the Bond number is given by 
γ
αρ sin2gDBo =  (1.4) 
where ρ is the liquid density (neglecting air density), g is the acceleration of gravity, D is the drop diameter, α is the 
surface inclination angle, and γ is the liquid surface tension. For a given liquid drop at constant temperature, an 
increase in Bo indicates an increase in drop diameter and/or surface inclination. The maximum contact angle, θmax, is 
normalized by the advancing angle of the surface, θA. The dimensionless maximum angle (θmax/θA) is plotted against 
the Bond number for one of the surfaces in Figure 4.4. The θmax/θA ratio is almost constant for all drops and equal to 
one. Therefore, it can be concluded that θmax is approximately equal to θA for all drop sizes and all configurations of 
the tested surface. Since the coefficient of determination for a horizontal line is zero, the error in fitting the θmax/θA 
data is gauged by the standard deviation, σ, which equals 0.03 in this case. 
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Figure 4.4 Maximum contact angle, normalized by advancing angle, for ethylene glycol drops of various sizes on 
surface H at different inclination angles. (σ = 0.03). 
The conclusion that θmax = θA for all conditions is in contrast with the numerical studies by Milinazzo and 
Shinbrot (1988) and Brown et al. (1980), which predicted θmax to increase with Bond number or inclination angle. 
The behavior of θmax is also observed with the other surfaces examined. Figure 4.5 shows θmax/θA plotted against Bo 
for all liquid-surface combinations that were tested. The line (θmax/θA = 1) fits the data with a standard deviation of 
0.06. Thus, the maximum angle of a drop can generally be taken as equal to θA. 
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Figure 4.5 Maximum contact angle, divided by the advancing angle for all the liquids and surfaces tested. The 
maximum angle can be approximated by the advancing angle for all conditions. (σ = 0.06). 
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The minimum angles of drops show a dramatically different behavior. Let the minimum contact angle be 
represented by the dimensionless parameter Θ, 
RA
R
θθ
θθ
−
−
=Θ min  (4.7) 
where θA and θR are the advancing and receding contact angles of the surface. With this parameter, Θ = 1 when θmin 
= θA, and Θ = 0 when θmin = θR. Figure 4.6 shows Θ as a function of the Bond number for one of the tested surfaces. 
It can be seen that Θ starts with a value of 1 at Bo = 0, and decreases to 0 at a maximum Bond number, Bomax. This 
variation in Θ translates to θmin varying from θA to θR as Bo increases from 0 to a maximum. A line fits the data with 
a coefficient of determination, r2, of 0.98. Figure 4.7 shows the variation of θmin/θmax with the Bond number for all 
tests. The results from different surfaces and inclination angles are well-fitted by a single curve, with r2 = 0.90. The 
Bond number for a drop on a horizontal surface is zero and θmin/θmax is equal to unity. Therefore, the contact angle is 
equal to the advancing angle of the surface for all azimuthal angles. For an inclined surface, the minimum angle θmin 
decreases as the inclination angle increases. The minimum angle also decreases as the drop diameter increases. It is 
an interesting result that the behavior of minimum angles of drops is the same for different liquids on surfaces with a 
wide range of contact angles. The numerical results of Milinazzo and Shinbrot (1988) indicated the minimum 
contact angle of a drop decreased with the Bond number. However, they did not generalize the result to apply for 
various surfaces and configurations. The equation that fits the θmin data and provides good critical volume 
predictions is 
97.0155.001.0 2min +−= BoBo
Aθ
θ
 (4.8) 
It is important to note that different surfaces will have different Bomax. In other words, the minimum angle will 
follow the curve of Figure 4.7 until the drop reaches the critical condition and slides. The maximum Bond number, 
Bomax, associated with maximum drop diameter and volume and minimum angle can be determined from a force 
balance on the drop and will be discussed in a later section. 
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Figure 4.6 Variation of the dimensionless minimum angle parameter Θ with the Bond number for ethylene 
glycol drops of various sizes on surface H at different inclination angles. (r2 = 0.98). 
 43 
0.0
0.2
0.4
0.6
0.8
1.0
1.2
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
Bond Number, Bo
θθ θθ m
in
/θ/θ /θ/θ
m
ax
 
Figure 4.7 Minimum contact angle, normalized by the maximum angle, as it varies with the Bond number for all 
liquids and surfaces tested. A single curve fits the data with r2 = 0.90. 
4.5 Shape of Contact Line 
Frontal images of drops on vertical and inclined planes show that contact lines can be fit by ellipses, with 
aspect ratio β = L/w. For small drops, the ellipse becomes a circle. The dimensions of the major and minor axes of 
the ellipse were recorded for every drop. Appendix C shows typical images of drop contours fit with circles and 
ellipses. No parallel-sided contours were observed for static drops, in contrast with the assumption by Dussan V and 
Chow (1983). In order to model drop contours, a relation between aspect ratio and drop size is needed. Figure 4.8 
presents a plot of the aspect ratio of the contour, β, against Bo for one of the surfaces. The figure shows that the 
aspect ratio increases slightly with Bo and can be fit by a line having a small slope, with a standard deviation, σ, of 
0.04. Aspect ratio data for all liquid-surface combinations tested are plotted in Figure 4.9. A single line can fit all the 
data for the tested range, with a larger scatter (σ = 0.05). The aspect ratio increases from a value of unity at Bo = 0 to 
a value of 1.32 at Bo = 3. The β equation fitting the data is 
Bo096.01+=β  (4.9) 
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Figure 4.8 Aspect ratio of an ellipse fit to the contour at the base of a drop versus the Bond number for water 
drops of various sizes on surface A at different inclination angles. (σ = 0.04). 
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Figure 4.9 Aspect ratio of the elliptical contour at the base of a drop as a function of the Bond number for all 
liquids and surfaces tested. (σ = 0.05). 
Extrand and Kumagai (1995) measured the aspect ratios of drop contours at the special case of incipient 
motion, although they did not report drop sizes or Bond numbers. Using analysis presented later in section 4.7, the 
Bond numbers were calculated from their data. Figure 4.10 compares equation (4.9) to the aspect-ratio 
measurements of Extrand and Kumagai. The equation fits their data reasonably, with a standard deviation of 0.06. 
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Figure 4.10 Predicted critical aspect ratios of drop contours, compared to measurements by Extrand and 
Kumagai (1995). The empirical equation of this work fits their data with σ = 0.06. 
Several researchers, such as Merte and Yamali (1983), considered the drop diameter, D, to be equal to the 
base-length of the cross section at the symmetry plane. However, the current findings indicate that the contour is an 
ellipse, and the mentioned length is 2L, which over-estimates D by a factor of β . An error of 20% in diameter 
can result from their assumption. 
The drop-contour results, summarized by equation (4.9), explain why both circular and elliptical contours 
have been reported in literature. For small drops, with small Bond numbers, the aspect ratio is close to unity and the 
contours are essentially circular. Large drops have contours that are elliptical with higher values of β. Some larger 
 45 
drops were better fit by two ellipses sharing the minor axis, as explained earlier in Chapter 2. The equivalent single 
ellipse was used in such cases, with no significant effect on volume or force predictions. The effects of contour 
shape on drop volumes and surface tension forces will be discussed later.  
4.6 Verification of the Two-Circle Approximation 
4.6.1 Drop Profiles 
Side images of drops of various sizes on several vertical and inclined surfaces were analyzed. The images 
were captured from different azimuthal angles. An image recorded from φ = 90° shows the maximum and minimum 
angles of the drop; and an image taken from φ = 180° shows a section where both angles are equal due to symmetry. 
Appendix D shows typical images of drops with two circles fit to them. The images verify that two circles provide a 
good fit for the profile of a drop at various azimuthal and surface-inclination angles. 
The success of the two-circle approximation in fitting drop profiles indicates it can be used for obtaining 
contact angles from images. The method originally used in this work to get contact angles is a lengthy process 
involving the use of several software programs to find the slope of a curve fit to the profile. Instead, the contact 
angles can be found using the two-circle approximation, given the base length of the section, 2ζ, and the diameters 
of the two circles. Let d1 and d2 designate the diameters of the smaller and larger circles, respectively. Equations 
2.23a and 2.23b can be re-arranged to be 
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where, as in equation 2.22, 
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Equations (4.10) can be solved to obtain θ1, θ2, and Lf. Notice that equations (4.10) are written in dimensionless 
form. Therefore, the dimensions of ζ, d1, and d2 can be used directly from the image without needing to scale them 
back to actual dimensions. Thus, the two-circle approximation presents a good fit for drop profiles, and provides a 
quick and convenient method for determining contact angles from side images of drops. 
4.6.2 Volume Prediction 
The use of the two-circle method for predicting drop volumes was validated against experimental data. 
Volumes of injected drops were recorded and compared to the volumes calculated from contour dimensions and 
contact angles. In using the two-circle approximation, drop contours were taken as elliptical and contact angles were 
taken to vary according to equation (4.6), where cosθ was a third-degree polynomial of the azimuthal angle, φ. 
Figure 4.11 compares the calculated volumes of drops to the measured values. The points shown represent water and 
ethylene glycol drops on several surfaces with various inclination angles. The method predicts the volumes of drops 
accurately with a coefficient of determination, r2, of 0.999. The close agreement between measured and calculated 
values validates the method and re-affirms the conclusions about contact angles and base contours. As mentioned in 
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Chapter 2, the two-circle approximation was also used to reconstruct a drop from images presented by Extrand and 
Gent (1990). The method predicted the volume of that drop accurately, with an error of only 1%. 
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Figure 4.11 Predicted drop volumes using the two-circle method versus measured values. The volumes were 
calculated from the dimensions of the elliptical contour and the maximum and minimum angles, taking cosθ(φ) 
as a third-degree polynomial. (r2 = 0.999). 
4.7 Drops at Sliding Conditions 
In order to study the parameters of a drop at critical conditions, a balance of forces is performed on the 
drop. Figure 4.12 shows a force balance on a drop on an inclined plane, with an elliptical contour. Experiments, such 
as those by Korte and Jacobi (2001), show air-flow forces to have insignificant effects on condensate retention over 
flow rates typical to air-conditioning and refrigeration applications. Therefore, drag forces will be neglected and the 
balance is performed between gravitational and surface-tension forces acting in the x-z plane. 
 
Figure 4.12 Force balance on a drop on an inclined plane with elliptical contour. 
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4.7.1 Surface Tension Force and Retentive-Force Factor 
The surface tension force acting on the drop of Figure 4.12 is found by integrating the differential forces 
over the contour of the drop. The drop contour was found in section 4.5 to be an ellipse with a radius, ζ, at any point 
described by equation (2.41) 
φβφφζ 222 sincos)( +=
L
 (2.41) 
Due to symmetry, the components of the surface-tension force in the z-direction will cancel; the resulting surface-
tension force acts in the x-direction and can be calculated from 
∫−=
π
φφθζγ
0
coscos2 dFsx  (4.11) 
where γ is the liquid surface-tension, and θ and φ are as defined earlier. Substituting for cosθ as a function of φ and 
using the equivalent diameter of the drop, D, instead of 2ζ, equation (4.11) becomes 
[ ]∫ ++−=
π
φφφφγ
0
4
2
2
3
1 cos)( dbbbDFsx  (4.12) 
where b1, b2, and b4 are the constants found in equation (4.6). A closed-form solution for the integration of equation 
(4.12) exists, and the surface tension force becomes 
[ φφφγ cos)326( 2121 bbbDFsx ++−−=  
                           
]πφφφφ 03122142 sin)62( bbbbb ++−+−+  (4.13) 
Substituting for the integration limits and the constants b1, b2, and b4, equation (4.13) reduces to 
)cos(cos24 min3 Asx DF θθγπ −=  (4.14) 
Equation (4.14) is exact for the case of β = 1, where the equivalent diameter represents the actual contour. 
For β > 1, equation (4.14) shows some deviation from the surface tension force which can be found from a 
numerical integration to equation (4.11). The retentive-force factor, k, can be obtained by comparing equation (4.14) 
to (1.6). Thus,  
548.1483 ≈= π
k  (4.15) 
The value of k depends on the shape of the drop contour and the contact angle function, which influence the 
integration in equation (4.11). Previous efforts to calculate the retentive-force factor resulted in values between 1.0 
and 3.14, because of adopting different assumptions, as explained in Chapter 1. Figure 4.13 compares the retentive-
force factor obtained by different researchers for β = 1. The value obtained in this work is more reliable, since the 
contour shape and the contact angle function are based on generalized experimental findings. The k-value obtained 
by Extrand and Gent (1990) is close to the one in equation (4.15), although they used assumptions that differed from 
the experimental findings of this work. 
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Figure 4.13 Retentive-force factor for an aspect ratio of 1, compared to earlier studies which used questionable 
assumptions for contact angles or contours. 
The retentive-force factor, k, increases with the aspect ratio, β, of the contour. Representing the contour by 
an equivalent circle is an approximation that may affect k at high aspect ratios. In evaluating the reliability of this 
approximation, the length-scale used for k becomes important. The retentive-force factor was defined in terms of the 
drop width, w, in equation (1.6), with the width equal to the radius, R, for circular drops. Increasing the aspect ratio 
of the contour for a constant area decreases w, but does not change R. Therefore, the equivalent radius, R, is a more 
appropriate length-scale for k, and equation (1.6) should be modified to become 
( )ARs kR
F θθ
γ
coscos −=  (4.16) 
Figure 4.14 compares the variation of k with aspect ratio using the two length-scales, w and R. Adopting R as a 
length-scale, the retentive-force factor for an ellipse is within 10% of its value for an equivalent circle. On the other 
hand, using the width of the ellipse over-estimates that error to be 35%. Thus, the equivalent radius should be used 
instead of width in calculating dimensionless retentive forces for non-circular contours. The k-value of equation 
(4.15) can be used for such contours (β > 1) with reasonable accuracy. 
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Figure 4.14 Retentive-force factor as a function of aspect ratio, using w or R as length-scale. The use of ellipse 
width overestimates the retentive force. Approximating the contour by its equivalent circle results in about 10% 
error. 
4.7.2 Receding Contact Angle and Maximum Drop Size 
The gravitational force acting on the drop of Figure 4.12 in the x-direction can be written as 
αρ singVFgx −=  (4.17) 
A force balance on the drop in the x-direction can be obtained by setting 
0=+ sxgx FF  (4.18) 
Using an equivalent diameter to describe the drop contour, the gravitational-force equation may be re-arranged as 
3D
VDBoFgx γ−=  (4.19) 
In order to obtain closed-form equations for the minimum contact angle and maximum Bond number at critical 
conditions, consider first the simplified case of the spherical-cap approximation of V. Thus, 





 +−
−=
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avav
gx DBoF θ
θθπγ 3
3
sin
coscos32
24
 (4.20) 
Substituting equations (4.14) and (4.20) into (4.18) and simplifying, an expression for the maximum Bond number is 
obtained 
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2
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θθθ += . 
 50 
Equation (4.21) gives the maximum Bond number at departure conditions as a function of the maximum 
and minimum angles at such conditions. This equation can be re-arranged to describe the minimum angle at critical 
conditions as 
max3
34
min
sin
coscos32
576
coscos Bo
av
avav
A 




 +−
+=
θ
θθπθθ  (4.22) 
Equation (4.22) relates θmin, θA, and Bomax at critical conditions. Once, Bomax is known, the maximum diameter Dmax 
can be determined from knowledge of the liquid properties and surface inclination angle. The maximum diameter, 
along with the contact angles, can be used to get the maximum volume of the drop, Vmax.  
The Bond number can be defined in terms of the volume of a drop, instead of diameter, as 
α
γ
ρ
sin3
2
VgBov =  (4.23) 
Expressions similar to equations (4.21) and (4.22) can then be reached, 
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The maximum drop volume can also be obtained as 
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The equations developed above will be compared to other predictions and to measurements in the next section. 
The analysis presented here leads to a very interesting result. The variables θmin, θA, and Bo are related by 
equation (4.8) in general, and by equation (4.22) at critical conditions. For a given advancing contact angle, θA, the 
two equations can be solved simultaneously to get the critical Bond number and minimum contact angle. This result 
indicates that at critical conditions, θmin and Bomax depend only on θA, regardless of the specific liquid-surface 
combination used or the inclination angle. Notice that θA itself depends on the liquid-surface combination, but 
several combinations can give the same advancing angle. Consider a liquid drop on a surface with advancing angle 
θA. The minimum angle, θmin, at drop departure will not change as the inclination angle is increased. Therefore, the 
minimum angle at detachment is characteristic of the surface, and is referred to as the receding contact angle of the 
surface, θR. When a surface inclination angle, α, is increased, the maximum diameter, Dmax, decreases to keep Bomax 
constant. Moreover, since the maximum Bond number is constant for a surface, knowledge of Dmax for a liquid at a 
given surface inclination allows the simple calculation of Dmax for other inclination angles. 
The experiments of MacDougall and Ockrent (1942) showed that θA and θR did not depend on the surface 
inclination angle. The analysis of this section confirms their result. In addition, the analysis generalizes that finding 
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by pointing out that θR depends only on θA. Therefore, given an advancing angle θA, the receding angle, θR, and 
maximum Bond number are expected to be constant for other liquid-surface combinations having the same 
advancing angle.  
The foregoing analysis assumed the volume of a drop to be approximated by a spherical cap. Moreover, the 
calculated surface-tension force was based on an equivalent circular contour. These assumptions can be relaxed by 
replacing the spherical-cap approximation with the two-circle method, and using elliptical contours. Equations 
(4.11) and (4.17) are then substituted into (4.18) and solved numerically. With the numerical calculations, the same 
behavior of parameters at critical conditions is observed. The contact angles and maximum Bond number remain 
constant. The equations above provide a first approximation, but the numerical calculations are still needed to get 
accurate values. Comparisons between the two are presented in the next section. 
4.7.3 Comparisons to Earlier Measurements and Predictions 
The findings of the previous section are supported by experiments reported in the literature. Figure 4.15 
compares the calculated receding angles for different advancing angles to measurements of several researchers using 
various liquids and surfaces. The data from three sources present measurements involving 5 liquids and 15 surfaces. 
Each point represents a liquid-surface combination. A good agreement between the curve and data is observed, with 
an r2 of 0.95, confirming the existence of a general relation between advancing and receding contact angles. 
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Figure 4.15 Prediction of receding contact angles for given advancing angles, compared to measurements of 
other researchers for different liquids and surfaces. (r2 = 0.95). [1] Goodwin et al. (1988); [2] MacDougall and 
Ockrent (1942); [3] Extrand and Kumagai (1995). 
Approximate values of the receding contact angle can be obtained by solving equations (4.8) and (4.22). 
This solution is compared to the numerical solution, and to measurements for water, in Figure 4.16. The numerical 
solution provides a good prediction of the data, as seen in the figure. The analytical approximation deviates at 
advancing contact angles of 55° to 90°, which correspond to large contact-angle hysteresis (θA - θR), as the figure 
indicates. The larger hysteresis results in larger errors due to the spherical-cap approximation. The analytical 
solution results in another variable, namely the Bond number, which can be used to predict maximum diameter. 
Figure 4.17 shows a large deviation in predicted Bond numbers between the numerical model and the analytical 
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approximation, for the same range of θA mentioned above. The equations present a good approximation outside that 
range. The deviation in Bo due to the spherical-cap approximation reaches a factor of 3, which translates to a 70% 
deviation in Dmax. 
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Figure 4.16 Prediction of receding contact angles using the numerical model, compared to approximate 
analytical equations. Both predictions are compared to measurements by Goodwin et al. (1988) for water. The 
approximation is more accurate at very high or low advancing angles. 
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Figure 4.17 Maximum Bond number obtained by the numerical model, compared to the analytical 
approximation, which results in large errors when θA is between 55° and 90°. 
The prediction of maximum Bond number for given contact angles was also compared to data by Goodwin 
et al. (1988), who measured volumes of drops of different liquids on vertical surfaces. Since Goodwin and co-
workers did not provide diameter data, the Bond number based on volume, defined in equation (4.23), is used. 
Figure 4.18 shows the variation of Bov,max with the advancing angle for water, glycerol, and mineral oil on several 
surfaces. The calculated maximum Bond numbers agree reasonably with measurements. For mineral oil, two 
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measurements showed a larger deviation from the prediction at low advancing angles (21° and 34°), which may be 
due to higher measurement errors at such low values. 
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Figure 4.18 Prediction of maximum Bond number based on volume for various advancing angles, compared to 
measurements for several liquids and surfaces by Goodwin et al. (1988). 
The equation for Bov,max may be re-written as 
3
2
maxmax,sin
−
= VBo
g vρ
γ
α  (4.27) 
which explains an empirical finding by Briscoe and Galvin (1991). Their experiments showed that for sessile drops, 
αsin  was proportional to 3
2
max
−V . For drops of a given liquid on a surface with advancing contact angle θA, the 
maximum Bond number, Bov,max, will be constant and equation (4.27) results in the proportionality observed by 
Briscoe and Galvin. 
The maximum volume predicted by the present model was compared to the measurements and predictions 
of other researchers. Figure 4.19.a compares predictions to measurements of the maximum volume of water drops 
on several vertical surfaces. Predictions (i) by the present analysis and by Dussan V (1985) are when measurements 
of both θA and θR are used as inputs to predict Vmax. The figure shows the present model and the equation of Dussan 
V to be in reasonable agreement with the measurements of Goodwin et al. (1988). The model developed in this work 
has the advantage of calculating θR for a given θA. Prediction (ii) is based only on θA, with θR calculated using the 
recent findings. Prediction (ii) is also in good agreement with the experimental data. Figure 4.19.a also presents the 
analytical approximation of Vmax using equation (4.26), along with equation (4.8). These equations significantly 
under-estimate Vmax (up to 75%) at the θA range of 55° to 90°—the same range for the deviation in θR—due to the 
spherical-cap approximation. When θR values found from these equations are substituted in Dussan’s equation 
(prediction iii), large errors in Vmax are obtained. On the other hand, Figure 4.19.b compares the current numerical 
model to the equation of Dussan and equation (4.26) when receding angles are calculated from the present model 
(predictions ii). The figure shows the three curves to closely predict Vmax, although equation (4.26) gives larger 
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errors. It is therefore concluded that the prediction of maximum volume is highly sensitive to the contact angles. The 
present model, and the equation of Dussan V, provide good approximations of Vmax when both θA and θR are known. 
When θR is not available, however, the current model calculates it with good accuracy and, thus, requires less inputs. 
Notice that the advancing contact angle is easier to measure than the receding one, since θmax = θA for almost all 
conditions of a drop, but θmin = θR only at incipient motion. The approximate analytical equation for Vmax results in 
large errors for θA between 55° and 90°, but can be used with reasonable error if the proper values of θR are obtained 
from the model (Figure 4.15). Once Vmax is known, it can be easily calculated for other conditions, since Bov,max is 
constant.  
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Figure 4.19.a Predictions of maximum volume of water drops on vertical surfaces compared to measurements by 
Goodwin et al. (1988). In Predictions (i), both θA and θR are used as measured. The receding angle was 
calculated from the model in (ii) and from equations (4.26) and (4.8) in (iii). 
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Figure 4.19.b Comparison of different predictions of maximum drop volume for water, when the receding angles 
calculated from the numerical model are used. 
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It is worth noting that although larger contact angles result in larger drop volumes, Vmax decreases for θA > 
90°. This decrease occurs because such high advancing angles are associated with high receding angles, and the 
surface-tension force that can hold the drop is small, resulting in a small Vmax. 
4.8 Sensitivity Analysis for Drop Shapes 
The two-circle method was used to study the influence of various drop-shape parameters on the prediction 
of volumes and forces acting on drops. The calculation of drop volume assuming its shape to be approximated by a 
spherical cap is compared to the more accurate prediction of the two-circle method in Figure 4.20. The figure shows 
the deviation in calculated volume as it varies with the contact angle hysteresis, (θA – θR), for a given diameter and 
aspect ratio. The calculations indicate the spherical-cap approximation results in a 25% deviation in volume 
prediction when the contact angle hysteresis reaches 50°. In this comparison, all variables were kept constant. 
However, using the spherical-cap approximation in the analysis of the previous section under-estimated maximum 
volume by up to 75%, due to other variables changing at the same time. Thus, the two-circle method provides a 
better approximation for the volume of a drop on an inclined surface. 
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Figure 4.20 Deviation of drop volume predicted by the spherical-cap approximation from the two-circle 
approximation. 
The nature of the function describing the contact angle variation within a drop, θ(φ), can influence the 
prediction of drop volume and maximum diameter. Figure 4.21 compares the total surface tension force on a drop 
when θ varies linearly with φ to the case when θ(φ) is a third-degree polynomial. In this figure, the minimum and 
maximum contact angles are kept the same, and the surface tension force is calculated for various diameters. The 
figure shows that the linear contact angle function under-estimates the surface tension force by 20%. The error in 
estimating surface tension forces is then reflected in the prediction of Dmax. Using cosθ, instead of θ, as a polynomial 
of φ gives virtually the same force. 
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Figure 4.21 Effect of different contact angle functions θ(φ) on total surface tension force acting on a drop. 
Changing the contact angle function from linear to third-order increases Fs by 20%. 
An important parameter for the prediction of drop volumes is the minimum contact angle. Since contact 
angles are measured through the liquid, an increase in a contact angle is expected to increase the volume of a drop 
for the same diameter. Figure 4.22 shows the effect of changing the minimum contact angle on the volume of a drop 
of constant diameter and advancing angle. As θmin increases in value from θR to θA, the volume of the drop doubles. 
It was concluded in section 4.4 that the minimum contact angle changes with drop size between θR and θA. Thus, the 
assumption that θmin = θR, as in some prior works, can result in a 50% error in volume prediction. 
40 50 60 70 80 90 100
0
1
2
3
4
5
6
7
8
θmin, degrees  
Vo
lu
m
e,
 
m
m
3
θA
θR
 
 
Figure 4.22 Effect of varying the minimum contact angle of a drop from θR to θA on volume, keeping D and θmax 
constant. The assumption that θmin = θR can change the volume by 50%. 
The shape of the drop contour may affect the calculation of drop volume and surface tension force. The 
two-circle method was used to study the sensitivity of volume prediction to the aspect ratio of the elliptical contour. 
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Figure 4.23 presents the error in calculated volume when an equivalent circle of the same area is used to 
approximate the contact line. The deviation shown in the figure is negligible. Therefore, approximating the contour 
of a drop with a circle equivalent in area to the ellipse results in an insignificant change in volume prediction. The 
effect of the equivalent-circle approximation of the drop contour on the retentive-force factor, k, was shown earlier 
in Figure 4.14. The error in k was less than 10%. Therefore, an equivalent circle approximates the contour of a drop 
on an inclined plane with acceptable errors. 
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Figure 4.23 Deviation in predicting drop volume when the elliptical contact line is approximated by a circular 
contour of the same area. This approximation results in an insignificant change in predicted volume. 
The sensitivity analysis confirms that the simplifying assumptions of the condensate retention model by 
Korte and Jacobi (2001) regarding drop shapes can result in significant errors in the prediction of drop volumes and 
maximum diameters. The results of the analysis emphasize the significance of the findings obtained from the drop-
shape investigation. The next step is to put these findings into the retention model and predict the mass of 
condensate retained as drops on a heat exchanger. 
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Chapter 5.  Predicting Condensate Retention 
5.1 Introduction 
Previous chapters investigated shapes of drops on inclined surfaces under various conditions in order to 
provide reliable estimations of their volumes and maximum diameters. The volume and maximum diameter are 
needed for determining the mass of condensate retained as drops, mD, as described earlier 
dDdADVDnm
A D
DD ∫ ∫= )()(ρ  (5.1) 
The two-circle method provides an approximation for the volume function V of a drop for a given surface condition 
and inclination angle. The aspect ratio of the contour, the contact angle variation within the drop, and the minimum-
angle variation with size and inclination are used to determine the variation of V with D. These parameters are also 
necessary for obtaining the maximum diameter, Dmax, which fits the size-distribution function and sets the 
integration limit. In this chapter, the size distribution function will be discussed in order to close the model and 
predict the retained mass of condensate, mD. Also, a brief discussion of liquid bridges, along with some 
experimental results, will be presented to provide a direction for future extensions of the model. 
5.2 Size-Distribution Functions 
Drops condensing on an inclined surface grow by condensation and coalescence until they reach the 
maximum diameter, if they are not swept by sliding drops. At maximum size, the force due to gravity overcomes 
surface tension forces and the drop starts sliding. The work of early researchers showed that the distribution of drop 
sizes can be described by a steady-state function, nD, which has a logarithmic nature, as mentioned in the literature 
review of Chapter 1. The logarithmic function changes its slope when drop sizes become large and the drop growth 
mechanism changes. The growth of small drops is dominated by condensation, while the growth of large drops is 
more influenced by coalescence. Graham (1969) noticed that the change in size-distribution function occurred at 
(D/Dmax) of 0.2. Yin and Jacobi (2000) confirmed that finding. The measurements of Tanasawa and Ochiai (1973) 
indicate that the change occurs when (D/Dmax) is in the vicinity of that number (0.18 to 0.26). Therefore, the size-
distribution function can be written as 
Bs
sDs DQn =                for Dmin ≤ D ≤ 0.2Dmax (5.2a) 
and 
Bb
bDb DQn =                for 0.2Dmax ≤ D ≤ Dmax (5.2b) 
where nDs and nDb denote distributions for small and big drops, respectively; and Qs, Bs, Qb, and Bb are constants. 
The smaller limit of the function, Dmin, was taken by Graham (1969) and Tanasawa and Ochiai (1973) as 10 µm, 
since it was their smallest measurable diameter. Smaller sizes do not add significant value to the area covered by 
drops or their total volume. 
Different researchers reported different values for the constants in equations (5.2a) and (5.2b). However, 
predictions of nDs by previous investigators agreed on the slope, Bs, of the distribution function for small drops, as 
was demonstrated by Figure 1.2. The distribution of Graham (1969) and one of the distributions of Tanasawa and 
Ochiai (1973) resulted in a Bs value of -2.73. Adopting this value, three other constants (Qs, Qb, Bb) still need to be 
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determined. In the present analysis, these constants will be considered as parameters depending on the maximum 
diameter and the surface area covered by drops. The fraction of area covered by small drops can be found from 
s
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and the fraction of area covered by large drops is 
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It is important to use consistent units in equations (5.3) and (5.4). The fraction of area covered by drops is 
the total area of drops per unit area, which is dimensionless. The size-distribution function is a number per unit area 
per diameter, with dimensions of (Length)-3. It is common to describe nD as the number of drops per cm2 per µm and 
D in µm. Using these units, equations (5.3) and (5.4) can be integrated to become 
( )[ ]3min3max8cov, 2.03)10(4 ++ −+= ss BBs ss DDB
QA π  (5.5) 
and 
( )[ ]3max3max8cov, 2.03)10(4 ++ −+= bb BBb bb DDB
QA π  (5.6) 
The continuity of the size-distribution function requires that nDs = nDb at D = 0.2Dmax. Therefore, 
( ) )(max2.0 bs BBsb DQQ −=  (5.7) 
As discussed above, Dmin is taken as 10 µm, and Bs = -2.73. Using the maximum drop diameter, Dmax, and the 
fractions of area covered by small and large drops, Acov,s and Acov,b, as inputs, equations (5.5) to (5.7) can be solved 
for the three unknowns: Qs, Qb, and Bb. The maximum diameter is determined from a force balance as described in 
Chapter 4. The area covered by drops is an important parameter for nD that needs to be found. 
The fraction of area covered by drops is expected to change with maximum diameter and surface 
dimensions. Drops with larger diameters can sweep wider strips when they slide. Also, sliding drops can travel 
longer distances and sweep larger areas on long fins. Thus, a larger Dmax and a longer fin should result in a smaller 
Acov. The proposed concept of smaller Acov for larger Dmax—although the area of a drop increases with diameter—
may be supported by the data of Shin and Ha (2002). They measured condensate retention on heat exchangers at 
various inclination angles and found the mass of retained condensate for the same set of coils to decrease as the 
inclination angle decreased from 90° (vertical) to 45°. Since the decrease in inclination angle increases Dmax, it can 
be concluded that more sweeping took place and the area covered decreased, resulting in a smaller retained mass.  
The fraction of area covered by small and large drops calculated from the works of Graham (1969), 
Tanasawa and Ochiai (1973), and Tanaka (1975a) ranged between 0.75 and 0.85. However, larger drops were less 
important for the application considered in these studies; therefore, they considered drops with maximum diameters 
of only 2 to 2.9 mm. In addition, the test surfaces used were circular with diameters of 2 to 4 cm. For fin-and-tube 
heat exchangers, the area covered by drops should be smaller. Yin and Jacobi (2000) measured the area covered by 
drops at three locations on a heat-exchanger fin with a length of 20 cm. The average fractional area covered by drops 
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was 0.34, with a maximum diameter of 4.2 mm. The average Acov for the small and large portions of the size-
distribution function were 0.16 and 0.18, respectively. These values are considered representative of the geometry 
and conditions of fin-and-tube heat exchangers, and will be used to compare the predicted condensate retention to 
measurements for coils with fin-lengths of 15 and 27 cm. 
The analysis presented in this section generalizes the size-distribution function by allowing the constants of 
its two portions to vary for different conditions. The fractional areas covered by small and large drops, along with 
the calculated value of Dmax, can be used in equations (5.5) to (5.7) for obtaining the constants defining nDs and nDb. 
However, more work is needed to generalize the model further by relating the fractional area covered to maximum 
diameter and fin geometry. 
5.3 Mass of Retained Condensate 
The mass of condensate retained as drops on a heat exchanger can now be calculated from equation (5.1), 
which can be divided into two parts in order to represent small and large drops, 
dAdDDVDnm s
A
D
D
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min
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)()(ρ
 (5.8a) 
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dAdDDVDnm b
A
D
D
bbDbDb ∫ ∫=
max
max2.0
)()(ρ
 (5.8b) 
where 
DbDsD mmm +=  (5.8c) 
As explained in the previous section, the average Acov,s and Acov,b are taken as 0.16 and 0.18, respectively, based on 
the measurements of Yin and Jacobi (2000). The minimum diameter is taken as 10 µm, and the exponent Bs is equal 
to -2.73. The maximum diameter, Dmax, is calculated for the given conditions, as in Chapter 4. The variables Acov,s, 
Acov,b, and Dmax are used in equations (5.5) to (5.7) to obtain Qs, Qb, and Bb and define the size-distribution 
functions. The integrations in equations (5.8) are then computed numerically to find the mass of retained condensate, 
mD. 
Appendix E lists a program for calculating the mass of drops retained on a heat exchanger per unit area 
using the EES software. The liquid and surface properties are taken as input. The four inputs to the EES program 
are, the liquid density, ρ, the liquid surface tension, γ, the advancing contact angle, θA, and the surface inclination 
angle, α. The program consists of five subprograms. A volume module calculates the volume and minimum contact 
angle of a drop of given diameter using the two-circle method and the contact-angle and aspect-ratio results of 
Chapter 4. Another subprogram calculates the forces acting on a drop of given diameter, utilizing the volume 
module and integrating the surface tension forces over the drop base. A maximum-diameter procedure searches for 
the diameter at which the forces are balanced, Dmax, using the forces subprogram. Next, a size-distribution module 
takes the maximum diameter and fractional area covered by small and large drops to obtain the constants defining 
the two portions of the distribution function, nDs and nDb. Finally, a total-volume module performs an integration 
similar to equations (5.8a) and (5.8b), given the appropriate size-distribution function and integration limits, to 
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provide the total volume of small or large drops retained per unit area. The main program combines the subprograms 
to find the total mass of condensate retained as drops on the coil per unit area.  
It is worth noting that the subprograms can be made into separate programs to utilize them for other 
purposes, such as conducting sensitivity analysis or imposing certain variables on the model. For example, the 
volume module was modified to perform sensitivity analysis in section 4.8. Another example is bypassing the 
maximum-diameter procedure if measurement of Dmax is available. Thus the different subprograms provide 
flexibility for using the condensate retention modeling program. 
The model developed in this work was used to compare predictions of condensate retention to experimental 
data. Notice that changing the fin spacing may change the total area and total mass of retained condensate, but the 
retention per unit area should remain constant as long as bridging does not take place. Korte and Jacobi (1997) 
presented condensate retention measurements for a fin-and-tube heat exchanger with a fin spacing of 6.4 mm (4 fins 
per inch). The coil had vertical aluminum fins with an advancing angle, θA, of about 90°. At very low air velocity, 
the condensate per unit area becomes 129 g/m2. Shin and Ha (2002) also tested an aluminum heat exchanger with 
the same advancing contact angle and a fin spacing of 5.4 mm (4.7 fins per inch) at a low face velocity of 0.6 m/s. 
The resulting condensate retained per unit area was 127 g/m2. Figure 5.1 compares the measurements of Korte and 
Jacobi (1997) and Shin and Ha (2002) to the predictions of the present retention model and the model of Korte and 
Jacobi. The data of Shin and Ha are presented for inclination angles from 90° to 45° from the horizontal. The new 
model succeeds in predicting the measurements of condensate retention for inclination angles of 60° to 90°. This is a 
significant improvement over the simplified model of Korte and Jacobi, which over-predicts the mass of retained 
condensate. The new model deviates at a coil inclination angle of 45°, due to a more significant change in the area 
covered by drops at this angle. The same values of Acov,s and Acov,b were used to calculate condensate retention at all 
angles. While the area covered by drops is expected to decrease with inclination angle, a considerable reduction 
occurs at angles below 60° when drops start falling off the side of the coil. Therefore, using the same values of Acov,s 
and Acov,b over-predicts the mass of condensate. 
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Figure 5.1 Predicted mass of condensate retained on heat exchangers compared to measurements reported by 
Shin and Ha (2002) and Korte and Jacobi (1997). An inclination angle of 90° indicates a vertical coil. 
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It is worth noting that the model of Korte and Jacobi showed reasonable success in predicting the mass of 
condensate on a coil at an advancing angle of 82°. The new model also predicts condensate retention for such 
conditions accurately. In addition, the new model provides good predictions of condensate retention measurements 
at other conditions and by other researchers. 
5.4 Condensate Bridging 
A condensate bridge is typically formed by the coalescence of two drops on adjacent fins, or by the growth 
of a drop on a fin until it touches another fin. Studying the shapes of condensate bridges involves more degrees of 
freedom than drops. Two drops forming a bridge will, in general, have different sizes and aspect ratios of their 
contours. Furthermore, the contours can be eccentric. Since the purpose of studying drop shapes is to estimate their 
volumes, the contours of the drops forming a bridge can be assumed concentric without significantly affecting the 
volume prediction. The effect of this assumption on surface-tension forces should be investigated. 
The analysis of drops can be used to find the critical fin spacing, fs,cr, at which bridging starts, for given 
surface conditions. This condition occurs when maximum-size drops on two adjacent fins start touching each other. 
In this case, the heights of the drops add up to the fin spacing. But since the drops are of identical size, the maximum 
drop height, hmax, can be related to critical fin spacing by 
crsfh ,max2 =  (5.9) 
The two-circle method can be used to predict the drop height, with good accuracy, from the symmetry plane of the 
drop. The drop height can be estimated from equation (2.20) as 
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where L1 is a function of the major axis of the drop contour, L, and the contact angles (equations 2.22 and 2.23). The 
ratio of h to L can then be calculated to be 
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The drop height can be expressed in terms of the equivalent diameter as, 






−
+





−
=
min
min
cos1
sin
cos1
sin
θ
θ
θ
θ
β
A
AD
h
 (5.12) 
where β is the aspect ratio of the drop contour. Figure 5.2 compares predictions of the height-to-diameter ratio by the 
two-circle method and the spherical-cap approximation adopted in the earlier work of Korte and Jacobi (2001). The 
two-circle method allows incorporating contact angle hysteresis into the prediction of drop height. Equation (5.12) 
can be combined with (5.9) to predict the critical fin spacing beyond which bridging does not occur, 
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Figure 5.2 Prediction of height-to-diameter ratio using the two-circle method and the spherical-cap 
approximation. 
Heat exchangers with fin spacings greater than fs,cr will not have condensate bridges. The variables in the 
right-hand side of equation (5.13) can be obtained from measurements. Alternatively, θR, Dmax, and β can be 
calculated for a given advancing angle θA from the equations of Chapter 4 or the program of Appendix E. Figure 5.3 
shows the variation of fs,cr with advancing contact angle. The critical fin spacing increases with advancing angle to a 
maximum at about θA = 87°, and then decreases. This trend is similar in nature to the variation of Dmax with θA. The 
maximum drop height, hmax, increases with Dmax, causing the critical fin spacing to increase (equation 5.9). This 
analysis neglects air-flow forces, since earlier experiments showed their effects on condensate retention to be 
insignificant for typical air-conditioning applications with face velocities of up to 3 m/s. 
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Figure 5.3 Critical fin spacing, beyond which condensate bridging cannot occur, as a function of the advancing 
contact angle. 
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The curve in Figure 5.3 can be helpful in designing heat exchangers for wet conditions of operation. In 
order to avoid condensate bridging, which degrades coil performance, a fin spacing larger than fs,cr should be used. 
Hydrophilic coatings can be used to decrease the critical fin spacing by decreasing θA. For surfaces with high contact 
angles (75° to 90°), a hydrophobic coating can be more effective in preventing bridges, as the figure indicates. The 
decrease in fs,cr is due to a decrease in Dmax at high advancing angles, as explained in the previous chapter. 
Figure 5.3 can be used to explain a change in coil performance observed by Korte and Jacobi (1997). With 
fs = 3.2 mm, the coil retained a different amount of condensate per unit area than a coil that retained drops only, 
indicating the existence of bridges. After extended operation, the advancing angle decreased to about 80° and the 
coil retention behavior matched that of the other coil. The decrease in θA decreased the critical fin spacing to a value 
smaller than 3.2 mm, and bridges could not from on the coil. 
Understanding the shapes of bridges is vital for the accurate prediction of their volumes. Bridges are 
usually larger than drops and, therefore, their volumes contribute more towards the total volume of retained 
condensate. A simplified analysis of bridge shapes showed that the contact angle variation along the bases at the 
sides of a bridge can significantly affect the maximum volume. Changing the contact angle variation from a linear to 
a third-degree function can increase the maximum volume by 52%. 
Experiments were conducted to study contact angles within condensate bridges. Figure 5.4 shows a typical 
image of a liquid bridge between two vertical fins. The variation of the contact angle with the azimuthal angle at the 
right-side base of the bridge is shown in Figure 5.5. The contact angle function is similar in nature to the one for 
drops. The data can be fit using a third-degree polynomial, with r2 = 0.96. This result is interesting because it can 
simplify future efforts to extend the current condensate model to include bridges. The profiles of condensate bridges 
need to be determined, if a method similar to the two-circle method is to be developed for bridges. Images of liquid 
bridges suggest that each of the upper and lower profiles of a bridge may be approximated by parts of two circles 
with another configuration than the two-circle method. However, more experiments and analysis are needed to 
verify and generalize this idea. 
      
Figure 5.4 A typical image of a liquid bridge between two vertical fins. 
φ g 
Bridge Profiles 
g 
Fin Surfaces 
 65 
0
10
20
30
40
50
60
0 30 60 90 120 150 180
Circumferential angle, φ, degrees
Co
n
ta
ct
 
an
gl
e,
 
θθ θθ,
 
de
gr
ee
s
θmax
θmin
 
Figure 5.5 Variation of contact angle with azimuthal angle for one side of a liquid bridge. The data can be fit by 
a third-degree polynomial, similar to drops, with r2 = 0.96. 
Investigating the size-distribution functions of bridges, nfb, is essential for extending the new model to 
predict the mass of condensate retained as bridges. The nature of the nfb function is expected to differ from the nD 
function of drops. Drop sizes span several orders of magnitude and are represented by a logarithmic function. 
Simplified calculations for bridges indicate that maximum volumes of bridges differ from minimum volumes by 
about a factor of 2. Yet, this smaller variation in bridge volumes is important, since it might contribute a 
considerable portion to the total volume of water on the heat exchanger. A thorough investigation of bridge shapes 
and size-distribution functions should help extend the condensate retention model to account for bridges. 
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Chapter 6.  Conclusions and Recommendations 
6.1 Introduction 
This research was aimed at understanding the three-dimensional shapes of drops on inclined surfaces and 
the parameters affecting drop volumes and maximum diameters under various conditions. The overall goal was to 
develop a model for predicting the mass of condensate retained on heat exchangers as drops. A combination of 
analysis, experiments, and computations produced results that answered previously unresolved questions and 
defined the approximate drop shape for general conditions. In addition, a generalized relation between critical 
contact angles and the Bond number, which applies to different liquids and surfaces, was discovered. The analysis of 
drops at incipient motion provided explanations for some of the observations reported by earlier researchers. The 
findings were well supported by data from the literature. Moreover, the prediction of size-distribution functions for 
drops condensing on inclined surfaces was improved.  Finally, the basic findings on drop shape and contact angle 
behavior were used to synthesize a new model for predicting condensate retention on heat exchangers. Model 
predictions compared well to data from literature. A preliminary analysis of bridges was used to provide suggestions 
for future extensions of the model to account for bridges. 
6.2 Summary of Results 
6.2.1 Drop Profiles and Volumes 
• Earlier investigations of the shapes of drops on vertical and inclined planes produced some results 
that were not consistent with each other or with experimental findings. In this research, it was 
observed that the profile of a drop on a vertical plane can be approximated by parts of two circles 
sharing a common tangent at the largest drop-height from the base. Analysis performed in section 
2.2, based on the capillarity equation, confirmed that such circles provide a good approximation of 
the profile. Experiments showed that the two-circle approximation of the profile applies to 
sections taken at different azimuthal angles and surface inclinations, and Appendix D shows 
sample profiles approximated by two circles. 
• A method was proposed to approximate the volume of a drop by integrating the two-circle profiles 
over all azimuthal angles. The resulting integration, summarized by equations (2.42) and (2.43), 
can be performed numerically to obtain the volume of a drop. The two-circle method provides an 
approximation of the volume, given the dimensions of the drop contour and the contact angle 
variation within the drop. 
• The inputs to the two-circle method, described mathematically as the functions ζ(φ) and θ(φ), were 
not specified in the method. Since the literature provided disparate results about the natures of 
these functions, it was desired to obtain these functions experimentally and generalize them for 
various conditions of size, wettability, and surface inclination. In this way, the volume of a drop 
could be determined at any condition. This generalization thus describes the volume of each drop 
on a surface, and summing all drops provides a prediction of the amount of retained condensate. 
Leaving ζ(φ) and θ(φ) as inputs to the method gave an additional advantage of allowing the 
investigation of the influence of various forms of these functions on volume prediction. 
• The proposed two-circle method was successful in predicting volumes of drops. A three-
dimensional prototype of a drop was generated based on contour dimensions and contact angles 
obtained from literature. The reported volume of the drop was predicted by the method with an 
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error of 1%. Experiments in this work verified that the method predicts drop volumes to within 
measurement uncertainties, with r2 = 0.999. Side images of drops showed that the method also 
predicts drop profiles with good accuracy. 
• The two-circle method was used as a tool to conduct a sensitivity analysis and estimate the effect 
of changing various drop parameters on volume prediction, as described in section 4.8. 
• Based on the two-circle approximation of the profile, a method was proposed to easily and quickly 
analyze drop images to obtain contact angles. The method is briefly described by equations (4.10a) 
to (4.10c). 
6.2.2 Contact Angles 
• Advancing and receding contact angles of two liquids on eight surfaces were measured by feeding 
and withdrawing liquid, respectively, on a horizontal piece of the surface. The liquid-surface 
combinations covered a range of advancing angles from 49° to 112°, with receding angles from 
12° to 78° and hysteresis of 23° to 51°. The results of this research are applicable to engineering 
surfaces having contact angles within these ranges, although extrapolation effectively predicted 
some earlier observations. 
• It was found that the advancing angles of some surfaces increased slightly when the surfaces were 
tilted, as reported by other researchers. However, the receding angles of some tilted surfaces 
showed significant deviations from the receding angles measured on horizontal planes. The 
analysis of section 4.7.2 indicates that a tiltable plane is more reliable for measuring receding 
contact angles. 
• The contact angle variation with azimuthal angle in a drop was identified as a key function 
affecting drop volumes and surface tension forces. Earlier studies of drop shapes resulted in 
different functions θ(φ), and different assumptions for the contact angle function result in 
deviations in surface tension forces, manifested as variations in the dimensionless factor k by up to 
314% (See Figure 4.13). 
• An apparatus was designed to experimentally obtain the contact angle function θ(φ) and resolve 
the discrepancies in the literature. A complex, but highly repeatable, software-analysis procedure 
was used to find contact angles from drop profiles. A relation was derived (3.6) to correct 
azimuthal angle when the drop contour was not circular. The apparatus was also used to study 
drop contours, bridge profiles, and drop volumes. 
• It was found that the contact angle, θ, can be represented by a third-degree polynomial in φ. 
Alternatively, representing cosθ(φ) by a third-degree function fits the measured data equally well, 
and is useful for integrating surface-tension forces. A general form of the contact angle function, 
equation (4.6), can be expressed in terms of the maximum and minimum angles of the drop, θmax 
and θmin. The experimentally determined function is different from earlier numerical predictions 
(Figure 4.3). 
• After defining θ(φ) in terms of θmax and θmin, it was desired to determine the maximum and 
minimum angles for various conditions. Simple dimensional analysis and experimental results 
showed the Bond number, Bo, as an important drop-shape parameter for the conditions considered 
in this research. It is the ratio of gravitational to surface tension forces. An increase in surface 
inclination or drop diameter increases Bo. 
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• Although θ may be considered dimensionless, other parameters such as (θmin/θmax), and Θ which is 
equal to (θmin-θR)/(θA-θR) were found to better represent contact-angle measurements in terms of 
Bo. 
• The maximum contact angle in a drop, θmax, was found to be approximately equal to the advancing 
angle, θA, for all tested conditions. 
• The minimum contact angle of a drop, θmin, was found to decrease from a value of θA at Bo = 0 to 
a value of θR at Bo = Bomax. Thus, a horizontal drop will have all its contact angles equal to θA, 
while a drop at sliding conditions will have its contact angles varying between θA and θR. The 
relation between the parameter Θ and the Bond number can be approximated by a straight line 
(Figure 4.6). 
• A general relation was found between  (θmin/θmax) and the Bond number. Data from all tested 
liquids and surfaces at different drop sizes and surface inclinations were fit by a single curve, 
given by equation (4.8). This result, combined with analysis, allowed further generalizations 
regarding contact angles and Bond numbers at critical conditions. 
• Sensitivity analysis showed that the observed variation of θmin between θR and θA can double the 
predicted volume of the drop. This finding emphasizes the importance of accurately accounting for 
the minimum contact angle. 
6.2.3 Three-Phase Contact line 
• Analysis of drop images showed the general shape of the contour at the base of the drop on an 
inclined plane to be an ellipse. Appendix C shows sample images. 
• The aspect ratio of the ellipse, β, was studied at different conditions and found to increase with the 
Bond number. The data were fit by a straight line with a small slope, given by equation (4.9). As 
Bo increased from 0 to 3, β increased from 1.0 to 1.32. These results explain observations of 
circular contours for small drops by some researchers (β close to unity), while others reported non-
circular contours. 
• The β(Bo) relation was compared to measurements reported in literature for aspect ratios at critical 
conditions, and a good match was found (Figure 4.10). 
• Approximating the drop contour by a circular one with equivalent area had no significant effect on 
volume prediction. Furthermore, the equivalent circular contour was found to under-predict 
surface-tension forces by less than 10%. 
• Some of the large drops were better fit by two ellipses sharing the same minor axis, as described in 
section 2.4. However, the two-ellipse approximation was not needed for this research. An 
equivalent single ellipse gives close predictions of volume and forces. 
6.2.4 Variables at Sliding Conditions 
• A closed-form solution was found for the total surface tension force acting on a drop with a 
circular contour, given by equation (4.14).  This result allowed an analytical value for the 
retentive-force factor, k, given in equation (4.15). Since the assumptions made in the derivation 
were based on experimental findings, the derived value of k should resolve the disagreements 
found in the literature regarding k (See Figure 4.13). 
• Defining k for non-circular contours in terms of the width, w, was shown to misrepresent surface-
tension forces. Instead, the equivalent radius, R, was proposed as a more appropriate length-scale 
for k. 
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• The retentive-force factor, k, increases slightly with β, but can be reasonably approximated by the 
value for circular contours (k = 48/π3). More accurate predictions can be obtained after 
numerically integrating equation (4.11). The program listed in Appendix E performs this 
integration. 
• A general relation between advancing and receding contact angles, irrespective of the liquid, 
surface, or inclination angle, was discovered. The approximate relation is given by equation 
(4.22), using the spherical-cap approximation. The more accurate prediction involves numerical 
integrations to calculate the forces and is listed in the program of Appendix E. 
• The general relation between θA and θR is supported by data from the literature involving many 
liquids and surfaces (Figure 4.15). 
• The relation described above also relates the maximum Bond number to θA for different liquids, 
surfaces, and inclination angles. This finding agrees with data from the literature (Figure 4.18), 
and explains an empirical observation by Briscoe and Galvin (1991) regarding the relation 
between inclination angle and maximum volume (equation 4.27). 
• The dependence of Bomax on θA alone indicates that decreasing the surface inclination angle, α, 
increases Dmax accordingly to keep Bomax constant, and the receding angle remains the same. This 
result explains the experimental finding of MacDougall and Ockrent (1942), in which advancing 
and receding contact angles were independent of surface inclination. Their finding is further 
generalized to be independent of the liquid-surface combination, if the same θA is achieved. 
• It can also be concluded that knowing Dmax of a liquid-surface combination at an inclination angle 
allows the simple calculation of Dmax for other angles and other combinations that have the same 
θA. 
• The approximate relations for parameters at critical conditions as functions of θA demonstrate 
large deviations from the numerical solutions, and from measurements, when θA is between 55° 
and 90° (Figures 4.16, 4.17, and 4.19.a). However, they can be used with reasonable accuracy if θR 
of the numerical model is adopted. 
• The numerical prediction of maximum drop volume, Vmax, agrees with measurements reported by 
others (Figure 4.19). The numerical model is advantageous over the analytical approximation of 
Dussan V (1985) because it can calculate θR, when needed. The maximum volume was found to 
be sensitive to θR. The equation of Dussan V can be improved by adopting θR of the numerical 
model. 
6.2.5 Predicting Condensate Retention 
• The size-distribution functions, nD, reported in literature had similar slopes for small drops, but 
were considerably different for large drops, which are more important for modeling condensate 
retention. The function, nD, was generalized a step further by allowing it to change with surface 
geometry and contact angle. The modification determines the constants of the logarithmic function 
from knowledge of Dmax and the fractional area covered by drops, Acov. This work predicts Dmax 
for various conditions, but not Acov. 
• It was hypothesized that the fractional area covered by drops decreases as Dmax or the fin length 
increases, due to increased drop sweeping. The measurements of Yin and Jacobi (2000) and Shin 
and Ha (2002) were used to support the hypothesis. 
• An equation for predicting the critical fin spacing, beyond which condensate bridging cannot 
occur, was derived based on two-circle analysis (5.13). Condensate bridges can be avoided by 
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decreasing fs,cr using a hydrophilic or a hydrophobic coating (Figure 5.3). The predicted fin 
spacing was used to explain changes in condensate retention behavior reported in the literature. 
• The contact angle variation with azimuthal angle for the sides of bridges was investigated. Similar 
to drops, the contact angles were best fit by a third-degree polynomial. 
• A new model was developed to predict the mass of condensate retained on heat exchangers. The 
model compared well with measurements by Shin and Ha (2002) and Korte and Jacobi (1997). It 
shows larger deviation at coil inclination angles below 60° because of changes in condensate 
drainage affecting the values of Acov. 
• Simplified analysis of bridges provided guidelines for future extension of the model to include 
condensate bridges. 
6.3 Recommendations for Future Work 
Although the new model is very successful in predicting condensate retained as drops on heat exchangers, 
it could be improved by generalizing the size-distribution functions. In particular, the fractional area covered by 
drops, Acov, needs to be predicted for various surface geometries and conditions. A qualitative analysis was proposed 
in this work, but quantitative relations could be developed. 
The model could be extended to consider condensate bridges, since many heat exchangers operate under 
conditions that produce bridges. The shapes of bridges should be investigated further to allow predicting their 
volumes. Profiles of bridges of different configurations should be considered. 
It is also equally important to study the size-distribution functions of bridges. They are expected to be 
significantly different from those of drops because they span much smaller sizes. If the model predicts drops and 
bridges, more analysis can be done to predict the wet performance of heat exchangers from knowledge of the dry 
performance. 
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Appendix A:  Describing the Contour of an Ellipse in Terms of Polar Angle 
The relation between the radius of an ellipse, ζ, and the polar angle, φ, is needed for the two-circle 
calculations and for finding the total retention force on a drop with an elliptical contour. In the highly recognized 
work of Extrand and Kumagai (1995), relating drop shapes to retention forces, the radius of an ellipse was reported 
as (eq. 11) 
φφβζ 222 sincos += w  (A.1) 
However, a simple derivation, presented below, shows that this relation is not correct.  
Consider an ellipse, as shown in Figure A.1, representing the contact line at the base of a drop. The major and minor 
axes of the ellipse are L and w, respectively. The figure also shows an arbitrary point on the ellipse with Cartesian 
coordinates x and y, and polar coordinates ζ and φ. The equation of the ellipse can be written as 
12
2
2
2
=+
w
y
L
x
 (A.2) 
Using the aspect ratio, β = L/w, this equation becomes 
2222 Lyx =+ β  (A.3) 
The x and y coordinates can be expressed in terms of ζ and φ as 
φζ cos=x  (A.4.a) 
and 
φζ sin=y  (A.4.b) 
Substituting equations (A.4) into (A.3), and re-arranging, the equation becomes 
φβφζ 222 sincos +=
L
 (A.5) 
For a given ellipse with known dimensions, L and w, equation (A.5) describes the radius, ζ, as a function of the 
polar angle, φ. Figure A.2 compares the derived function ζ(φ) to that used by Extrand and Kumagai (1995), and 
Figure A.3 shows that the error in ζ increases with aspect ratio. The data of Extrand and Kumagai showed higher 
scatter than the error in ζ. 
 
Figure A.1 An ellipse representing a drop contour with radius ζ at a point (x, y). 
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Figure A.2 Variation of the ellipse radius with polar angle as used by Extrand and Kumagai (1995), compared to 
the radius derived in this appendix. 
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Figure A.3 The ellipse radius at a polar angle of 45° for various aspect ratios, compared to the radius used by 
Extrand and Kumagai (1995). The error increases with aspect ratio. 
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Appendix B:  Program Generating a Three-Dimensional Model for a Drop 
In this appendix, a program for generating three-dimensional models of drops on inclined surfaces is 
presented. The program can be used to generate prototypes and computer models of drops in order to characterize 
drop-features at various conditions. In this work, the prototype was used to verify the two-circle method and gain 
insight into the errors involved in taking images of drop profiles, as described in Chapter 3. 
The FORTRAN program calculates cylindrical coordinates of a drop based on the two-circle method 
described in Chapter 2. Then, it converts the coordinates into the Cartesian system. For a general drop, the 
maximum and minimum angles, thetaA and thetaR in this program, respectively, need to be given in degrees. Also, 
the major and minor axes of the drop contour, L and w, respectively, are required. The grid resolution can also be 
changed as needed. The program generates coordinates described by Circles 1, then those described by Circles 2 in 
portion I, which are referenced by “21”. Finally, it calculates the coordinates for potion II, referenced by “22”. The 
data are generated in separate files with such references, where n designates the half of the drop having negative 
values of z. The remainder of this appendix lists the program. 
 
      Program Genxyz 
      Parameter (Np1=30) 
      Real Axx1(Np1), Ay1(Np1),Az1(Np1),Axx21(Np1),Ay21(Np1),Az21(Np1) 
      Real Axx22(Np1), Ay22(Np1), Az22(Np1) 
      Real pi, L, L1, L2, Lfactor 
 
      OPEN(UNIT=11,FILE='B2C_C1.csv',STATUS='UNKNOWN') 
      OPEN(UNIT=12,FILE='B2C_C1n.csv',STATUS='UNKNOWN') 
      OPEN(UNIT=13,FILE='B2C_C21.csv',STATUS='UNKNOWN') 
      OPEN(UNIT=14,FILE='B2C_C21n.csv',STATUS='UNKNOWN') 
      OPEN(UNIT=15,FILE='B2C_C22.csv',STATUS='UNKNOWN') 
      OPEN(UNIT=16,FILE='B2C_C22n.csv',STATUS='UNKNOWN') 
   
      Np21=6 
      Np22=30 
      Nphi=19 
      Pi=3.141592654 
      thetaA=82  
      thetaR=43  
      L=1.65 
      w=1.25 
      Beta=L/w 
      Fiinc=.5*pi/(Nphi-1) 
      Fi=-Fiinc 
 
      thetaArad=thetaA*pi/180 
      thetaRrad=thetaR*pi/180 
 
      Do 200 Ifi=1,Nphi 
         Fi=Fi+Fiinc 
         A=(2*thetaRrad-2*thetaArad)/pi**3 
         B=(3*thetaArad-3*thetaRrad)/pi**2 
         theta=A*Fi**3+B*Fi**2+thetaRrad 
 
         theta1=A*(pi-Fi)**3+B*(pi-Fi)**2+thetaRrad 
         theta2=A*Fi**3+B*Fi**2+thetaRrad 
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         zeta=L/(cos(Fi)**2+Beta**2*sin(Fi)**2)**.5 
         Lfactor=sin(theta1)/sin(theta2)*(1-cos(theta2))/(1-cos(theta1)) 
         theta1deg=theta1*180/pi 
         theta2deg=theta2*180/pi 
         L1=2*zeta/(1+1/Lfactor) 
         L2=L1/Lfactor 
         Xo=zeta-L1 
         u1b=L1/sin(theta1) 
         u1a=u1b*cos(theta1) 
 
         y2b=L2/sin(theta2) 
         y2a=y2b*cos(theta2) 
         y2c=(y2b**2-Xo**2)**.5 
         Yo=y2b-u1b 
 
         Xinc1=L1/(Np1-1) 
         x1=(Xo+L1)+Xinc1 
         do 10 i=1,Np1 
            x1=x1-Xinc1 
            Axx1(i)=x1*cos(Fi) 
            Ay1(i)=x1*sin(Fi) 
            Az1(i)=((u1b**2-(x1-Xo)**2)**.5+Yo)-y2a 
 10      continue 
 
         Xinc21=abs(Xo)/(Np21-1) 
         x21=abs(Xo)+Xinc21 
         do 50 I=1, Np21 
            x21=x21-Xinc21 
            Axx21(i)=x21*cos(Fi) 
            Ay21(i)=x21*sin(Fi) 
            Az21(i)=((y2b**2-(x21-Xo)**2)**.5)-y2a 
 50      continue 
 
         Xinc22=(L2-Xo)/(Np22-1) 
         x22=Xinc22 
         do 90 I=1,Np22 
            x22=x22-Xinc22 
            Axx22(i)=-x22*cos(pi+Fi) 
            Ay22(i)=x22*sin(pi+Fi) 
            Az22(i)=((y2b**2-(x22-Xo)**2)**.5)-y2a 
 90      continue 
 
      Do 1000 I=1, Np1 
         write(11,*) Axx1(I),',', Ay1(I),',',Az1(I) 
         write(12,*) Axx1(I),',', -Ay1(I),',',Az1(I) 
         write(15,*) Axx22(I),',', Ay22(I),',',Az22(I) 
         write(16,*) Axx22(I),',', -Ay22(I),',',Az22(I) 
 1000 continue 
      Do 1100 I=1,Np21 
         write(13,*) Axx21(I),',',Ay21(I),',',Az21(I) 
         write(14,*) Axx21(I),',',-Ay21(I),',',Az21(I) 
 1100 continue 
 
 200  continue 
 
         Stop 
         END 
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Appendix C:  Sample Images of Drop Contours 
Sample frontal images of drops showing their contact lines are presented in this appendix. Ellipses are used 
to fit the drop contours, with the aspect ratio sometimes reaching 1.0, as explained in Chapter 4. The images cover a 
range of test conditions including liquid, surface, inclination angle, and drop size. 
 
Figure C.1 The contact line of an ethylene glycol drop on surface H. The drop volume was 15 mm3 and the 
surface inclination angle was 10°. 
 
Figure C.2 The contact line of a water drop on surface H. The drop volume was 10 mm3 and the surface 
inclination angle was 45°. 
 
Figure C.3 The contact line of an ethylene glycol drop on surface E. The drop volume was 4 mm3 and the surface 
inclination angle was 45°. 
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Figure C.4 The contact line of a water drop on surface H. The drop volume was 0.7 mm3 and the surface 
inclination angle was 45°. 
 
Figure C.5 The contact line of an ethylene glycol drop on surface C. The drop volume was 2 mm3 and the 
surface inclination angle was 90°. 
 
Figure C.6 The contact line of a water drop on surface A. The drop volume was 1 mm3 and the surface 
inclination angle was 45°. 
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Figure C.7 The contact line of an ethylene glycol drop on surface H. The drop volume was 1 mm3 and the 
surface inclination angle was 45°. 
 
Figure C.8 The contact line of a water drop on surface E. The drop volume was 5 mm3 and the surface 
inclination angle was 45°. 
 
Figure C.9 The contact line of an ethylene glycol drop on surface H. The drop volume was 6 mm3 and the 
surface inclination angle was 45°. 
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Figure C.10 The contact line of a water drop on surface H. The drop volume was 2 mm3 and the surface 
inclination angle was 90°. 
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Appendix D:  Sample Images of Drop Profiles 
This appendix presents sample images of drop profiles obtained in this work.  The profiles are fit by two 
circles as described in Chapter 2. The selected images represent a variety of test conditions including liquid, surface, 
inclination angle, size, and azimuthal angle. Notice that the two circles coincide into one for the cases of α = 0° or φ 
= 180°. Azimuthal and surface inclination angles are measured as in Figure 3.2. 
 
Figure D.1 Profile of an ethylene glycol drop on surface A, taken from an azimuthal angle of 270°. The drop 
volume was 3 mm3 and the surface inclination angle was 45°. 
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Figure D.2 Profile of a water drop on surface H, taken from an azimuthal angle of 270°. The drop volume was 5 
mm3 and the surface inclination angle was 45°. 
 
Figure D.3 Profile of an ethylene glycol drop on surface H, taken from an azimuthal angle of 270°. The drop 
volume was 2.7 mm3 and the surface inclination angle was 90°. 
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Figure D.4 Profile of an ethylene glycol drop on surface E, taken from an azimuthal angle of 240°. The drop 
volume was 5 mm3 and the surface inclination angle was 45°. 
 
Figure D.5 Profile of an ethylene glycol drop on surface C, taken from an azimuthal angle of 210°. The drop 
volume was 1.5 mm3 and the surface inclination angle was 90°. 
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Figure D.6 Profile of an ethylene glycol drop on surface E, taken from an azimuthal angle of 180°. The drop 
volume was 1.5 mm3 and the surface inclination angle was 90°. The plane of symmetry is perpendicular to the 
base of the drop and to the page. 
 
Figure D.7 Profile of a water drop on surface B, taken from an azimuthal angle of 270°. The drop volume was 1 
mm3 and the surface inclination angle was 45°. 
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Figure D.8 Profile of an ethylene glycol drop on surface B, taken from an azimuthal angle of 270°. The drop 
volume was 2 mm3 and the surface inclination angle was 45°. 
 
Figure D.9 Profile of an ethylene glycol drop on surface E, taken from an azimuthal angle of 210°. The drop 
volume was 5 mm3 and the surface inclination angle was 45°. 
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Figure D.10 Profile of a water drop on surface C, taken from an azimuthal angle of 300°. The drop volume was 2 
mm3 and the surface inclination angle was 90°. 
 
Figure D.11 Profile of an ethylene glycol drop on surface H, taken from an azimuthal angle of 270°. The drop 
volume was 3 mm3 and the surface inclination angle was 0° (horizontal). 
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Figure D.12 Profile of a water drop on surface C, taken from an azimuthal angle of 60°. The drop volume was 
1.75 mm3 and the surface inclination angle was 90°. Due to viewing angle, the larger contact angle is on the left. 
 
Figure D.13 Profile of an ethylene glycol drop on surface E, taken from an azimuthal angle of 270°. The drop 
volume was 4 mm3 and the surface inclination angle was 45°. 
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Figure D.14 Profile of a water drop on surface A, taken from an azimuthal angle of 270°. The drop volume was 
15 mm3 and the surface inclination angle was 45°. 
 
Figure D.15 Profile of an ethylene glycol drop on surface E, taken from an azimuthal angle of 330°. The drop 
volume was 5 mm3 and the surface inclination angle was 45°. 
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Appendix E:  Program for Predicting Condensate Retention 
This appendix lists the program used for calculating the mass of condensate drops retained on heat 
exchangers per unit area. The program, written in EES software, consists of five subprograms, each of which can be 
converted into a separate program if needed. The main program requires the liquid density and surface tension, the 
advancing contact angle, and the surface inclination angle as inputs. The variables Acov,s, Acov,b, and Bs—described in 
Chapter 5—are kept as inputs for generality, although constant values of 0.16, 0.18, and -2.73, respectively, were 
used. Table E.1 gives a summary the subprograms used. 
Table E.1 Summary of subprograms forming the condensate retention EES program. 
Type Name Inputs Outputs Remarks 
Module V α, θA, D Vol, θmin Volume of any drop 
Subprogram Fbalance α, θA, D Vol, θmin, Fdiff Forces on a drop 
Procedure MAXDIAM α, θA Dmax, Vmax, θmin Maximum diameter 
Module nd Dmax, Acov,s, Acov,b, Bs Qs, Qb, Bb Size-distributions 
Module Vtotal α, θA, Dmax, Qs, Bs, i1, i2 VTs Total V of small or big 
MAIN -- α, θA, (ρ and γ constant) MpA Mass per unit area 
 
The variables i1 and i2 in table E.1 are the limits of integration for either of the small or big drops. The 
program is listed next. 
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{*** Program to calculate the mass of condensate retained as drops per unit area on a plain-fin heat 
exchanger***} 
{--INPUTS in a table are:  
 alpha (degrees), theta_A (degrees): Surface inclination angle, and advancing contact angle 
 A_cov_s, A_voc_b, B_s: fractional areas covered by small and large drops and a constant for 
   the small size-distribution function (use 0.16, 0.18, and -2.73, respectively)--} 
 
{--For other liquids, change density, rho (kg/m3) and surface tension, Gamma (mN/m)--} 
{--Important Units: mass per unit area (g/m2); Diameters (mm), and Volume (mm3)--} 
 
MODULE V(alpha_rad, theta_Arad, D: Vol, theta_min) 
$COMMON rho, g, Gamma 
{--Volume of a drop using the two-circle method--} 
 
Bo=rho*g*sin(alpha_rad)*D^2/Gamma*1e-3  {Bo is non-dim} 
 
theta_min_rad=( 0.01*Bo^2 - 0.155*Bo + .97)*theta_Arad 
theta_min=theta_min_rad*180/pi    {degrees} 
 
Beta=1+0.096*Bo 
L=Beta^.5*D/2 
 
{--Theta Function---} 
A=-(2*theta_min_rad-2*theta_Arad)/pi^3 
B=-(3*theta_Arad-3*theta_min_rad)/pi^2 
 
zeta=L/(cos(Fi)^2+Beta^2*sin(Fi)^2)^.5 
L_factor=sin(theta_1)/sin(theta_2)*(1-cos(theta_2))/(1-cos(theta_1)) 
theta_1=A*Fi^3+B*Fi^2+theta_Arad   
theta_2=A*(pi-Fi)^3+B*(pi-Fi)^2+theta_Arad    
L_1=2*zeta/(1+1/L_factor) 
L_2=L_1/L_factor 
Xo=zeta-L_1 
ub=L_1/sin(theta_1) 
ua=ub*cos(theta_1) 
 
T_111=L_1^3*(2-3*cos(theta_1)+cos(theta_1)^3)/(3*sin(theta_1)^3) 
T_112=Xo*(ub^2*theta_1-ua*ub*sin(theta_1)) 
T_11=T_111+T_112 
 
yb=L_2/sin(theta_2) 
ya=yb*cos(theta_2) 
yc=(yb^2-Xo^2)^.5 
sininv=arcsin((1-Xo^2/yb^2)^.5) 
 
T_121=Xo^2*(yb-ya) 
T_122=2/3*yb^3-2/3*yb^2*yc+Xo^2*yb-1/3*Xo^2*yc-Xo*yb^2*(pi/2-sininv) 
T_1=T_11+T_121-T_122 
 
V_1=integral(T_1,Fi,0,pi/2) 
 
T_211=yc*(2/3*yb^2+Xo^2/3) 
T_212=yb^2*ya-ya^3/3 
T_21=T_211-T_212 
 
T_22=-Xo^2*yc+Xo*ya*yb*sin(theta_2)-Xo*yb^2*(sininv-pi/2+theta_2) 
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T_23=Xo^2*(yc-ya) 
T_2=T_21+T_22+T_23 
 
V_2=integral(T_2,Fi,0,pi/2) 
 
Vol=V_1+V_2 
END 
 
SUBPROGRAM Fbalance(alpha_rad, theta_Arad, D: Vol, theta_min, F_diff) 
$COMMON rho, g, Gamma 
{--Forces acting on a drop--} 
 
Bo=rho*g*sin(alpha_rad)*D^2/Gamma*1e-3   
Beta=1+0.096*Bo 
L=Beta^.5*D/2 
call V(alpha_rad, theta_Arad, D: Vol, theta_min) 
theta_min_rad=theta_min*pi/180 
{--Theta Function---} 
A=-(2*theta_min_rad-2*theta_Arad)/pi^3 
B=-(3*theta_Arad-3*theta_min_rad)/pi^2 
 
zeta=L/(cos(Fi)^2+Beta^2*sin(Fi)^2)^.5 
theta_1=A*Fi^3+B*Fi^2+theta_Arad   
theta_2=A*(pi-Fi)^3+B*(pi-Fi)^2+theta_Arad    
 
{--Forces--} 
Fg=-rho*g*sin(alpha_rad)*Vol*1e-3  {Force in microNewton (10e-6 N)} 
 
dFs_1=zeta*cos(theta_1)*cos(Fi) 
dFs_2=zeta*cos(theta_2)*cos(pi+Fi) 
int_1=integral(dFs_1,Fi,0,pi/2) 
int_2=integral(dFs_2,Fi,0,pi/2) 
Fs=-2*Gamma*(int_1+int_2)   {Force in microNewton (10e-6 N)} 
 
F_diff=Fs+Fg 
END 
 
PROCEDURE MAXDIAM(alpha_rad, theta_Arad: D_max, V_max, theta_min) 
$COMMON rho, g, Gamma 
{--Maximum diameter of a drop from force balance--} 
{Procedure may be modified to use other optimization methods} 
D=.1 
delta_D=1 
10: D:=D+delta_D 
call Fbalance(alpha_rad, theta_Arad, D: Vol, theta_min, F_diff) 
 
IF (F_diff>0) THEN GOTO 10 
IF (delta_D>.01) THEN 
 D:=D-delta_D 
 delta_D:=delta_D/2 
 GOTO 10 
EndIF 
D_max=D 
V_max=Vol 
END 
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MODULE n_d(D_max, A_cov_s, A_cov_b, B_s: Q_s, Q_b, B_b) 
$COMMON rho, g, Gamma 
{--Findings constants defining size-distribution functions--} 
{Units: D_max is input in mm, D_m is in microns} 
D_m=D_max*1000 
 
Q_s=4e8*(B_s+3)*A_cov_s/(pi*((0.2*D_m)^(B_s+3)- 20^(B_s+3))) 
Q_b=Q_s*(0.2*D_m)^(B_s-B_b) 
Q_b=4e8*(B_b+3)*A_cov_b/(pi*(D_m^(B_b+3)- (0.2*D_m)^(B_b+3))) 
END 
 
MODULE Vtotal(alpha_rad, theta_Arad, D_max, Q_s, B_s,i1,i2: VT_s) 
$COMMON rho, g, Gamma 
{--Total volume of drops for a given portion (small/big)--} 
n_s=Q_s*(D_s*1000)^(B_s)*1000  {number of drops per cm^2 per mm; D in mm} 
Call V(alpha_rad, theta_Arad, D_s: V_s, theta_min_s) 
VT_s=integral(n_s*V_s, D_s, i1, i2)   {total n_s volume in mm^3/cm^2} 
END 
 
{-----MAIN----} 
 
theta_Arad=theta_A*pi/180 {Rad} 
alpha_rad=alpha*pi/180 
rho=1000 {kg/m^3} 
Gamma= 72.8 {mN/m} 
 
g=9.81  {m/s^2} 
 
{Distribution Functions} 
call MAXDIAM(alpha_rad, theta_Arad: D_max, V_max, theta_min) 
call n_d(D_max, A_cov_s, A_cov_b, B_s: Q_s, Q_b, B_b) 
 
{Mass Integration} 
call Vtotal(alpha_rad, theta_Arad, D_max, Q_s,  B_s, 0.02, 0.2*D_max: VT_s) 
call Vtotal(alpha_rad, theta_Arad, D_max, Q_b,  B_b, 0.2*D_max, D_max: VT_b) 
MpA=rho*(VT_s+VT_b)*1e-2   {g/m2} 
 
 
